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ON A PROBLEM CONCERNING w-LIMIT SETS OF
TRIANGULAR MAPS IN 3

PETRA SINDELAROVA

ABSTRACT. We show that there is a continuous triangular map I°® — I3
with w(F) = {0} x I? = wr(x,y, 2) for any (z,vy, z) € I* such that z # 0.
This map is of the form F(z,y,2) = (f(x),9(z,y), h(z, z)), where the
maps g(z,.) and h(z,.) are non-decreasing. This solves a problem by F.
Balibrea, L. Reich, and J. Smital.

1. MAIN RESULT

In the sequel, I = [0,1] is the unit compact interval and I" the n-
dimensional cube. For a compact metric space X, C(X, X) is the set of
continuous maps of X into itself. For ¢ € C(I,I), let ™ denote the n-th
iterate of p. The set of accumulation points of the sequence {¢"(x)}52 is
the w-limit set of x with respect to ¢, and is denoted by w,(z). By w(p) we
denote the set of w-limit points.

A map F € C(I3,I3) such that F(z,y,2) = (f(x),9(z,y),h(z,y,2)) is a
triangular map, f is the base of F, and the set I, := {z} x I? is the layer
over x.

Theorem. There is a triangular map F € C(I3,I3) with w(F) = {0} xI* =
wr(z,y,2), for any (z,y,z) € I? such that x # 0. This map has a special
form F(z,y,2) = (f(2),92(y), ha(2))-

Remark. The above theorem is true in more general settings: For any
positive integer n there is a triangular map F € C(I"*1, I"*1) of the form
F(z,x1,...,2n) = (f(x),91(x, 21), g2(x, 1, 22), . . ., gn(z, 1, Tp)), which has
as an w-limit set the n-dimensional cube {0} x I™. The proof is similar and
we omit it.
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2. PROOF OF THEOREM

For the base of F' take f(x) = Az, where A € (0, 1) is fixed. Let go = hg be
the identity. Let {m4}32, be an increasing sequence with my = 0 and such
that myg11 —myg > k+2, for any k. For each k > 0 let ¢y be a nondecreasing
continuous map of I such that

el ™ = &l S%H, my < j < Mit (1)
and, for any y € I,
er(y) <y and @y = {0}, if K is odd, 2)
and
vr(y) >y and gpzn’““_mk_l(y) ={1}, if k iseven. (3)
Let
9:(y) = er(y) if € ™A™ and y € 1, (4)

and for x € [\™+1, \"+171] let g, be the convex combination of the maps
gametr and gymy -1, 1€,

Gz = tgymi1 + (1 — t)gxmk-s-rl if & = tA"RH 4 (1 — t)AmkH_l' (5)

Denote by G(z,y) the two-dimensional triangular map (f(x), gz(y)). Then
wa((z,y)) = {0} x I whenever z > 0. This follows since, by the contractivity
of f, the set of w-limit points of G is contained in {0} x I and since, by (1) —
(5), the second coordinates of the trajectory of any point (z,y) with z > 0
form a dense subset of I. The above example is a modification of an example
from [2].

Now we have to extend G to a three-dimensional triangular map F. The
map h, will be defined similarly as g,, but with the sequence {my} replaced
by a subsequence {ny}, and {p} replaced by a sequence {¢y} satisfying
conditions similar to (4) and (5), but with (1) — (3) replaced by the next
three ones. For any k and any s with ny < mg < ng41,

[ = will < g 3 me <0< <men (6)
and, for any y € I,
Ur(y) <y and ¢ TN (y) = {0}, if ks odd, (7)
and
Ur(y) >y and TNy = (1), 0 ks even. (8)

Conditions (1) — (3) and (6) — (8) are consistent if the sequence {nj}
increases faster than {my} such that, for any k,

Mep1 — Mg >k + 2, 9)
and
#{s; np <mg <ngy1} > k+1. (10)
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These two conditions can be satisfied if
ngr1 —ng > (E+1)(k+2), (11)

or, in particular, if ngp = mo = 0 and ny = (k + 3)! for £ > 0. Then it is

possible to choose the numbers my, satisfying (9) such that #{s; nxy < ms <

ng+1} = k + 1, or equivalently, ny = Mi(k41)/2- Thus, we may assume
no=mo =0, and ng = my4q1y2 = (k+3)! for k> 0. (12)

Now we have to specify ¢ and . First, for any nonnegative integer k,

define auxillary maps v, pr by ux(y) =y + % ify<1-— %, and pp(y) =1

otherwise. Similarly, v(y) = y — 1 for y > 1, and v(y) = 0 otherwise.
Obviously,

ub(1) = {1}, and V(1) = {0}. (13)
Now we can let

Pk = Mmyy,—me—1, 1 Kk is even,
Pk = Vmnyy1—my—1, if k is odd.
Similarly, for s and k such that ny < mg < ngyq let
Vs = H(myi1—me—1)(k+1), if 8 1S even,

Vs = Wimyiq—ms—1)(k+1), if s is odd.

This choice satisfies the conditions (1) — (3) and (6) — (8). Indeed, (1) and
(4) follow by the definition of ¢y and v, the remaining conditions by (12).
To prove that w(F) = {0} x I? = wp(z,y, 2) whenever z # 0, it suffices
to show the following. For any integers p, ¢, such that 0 < p, ¢ < r and for
any o = (r,y,2) € I? with x # 0,
pp+ 1} 9 {g q+1
roor roor

Flla) eI x [ } = K, for some I. (14)

To do this note that if k is an integer such that, for some j > 0, fi(x) =
Mz € (AL \"%] then
M 1Nk g (/\nk+1+17 /\nk+1] (15)
and, by (2), (3), (7), and (8),
FIFMet1=Mk (o) = (M1 g 0 0) if k,t(k) are odd, (16)

where t(k) stands for 2(k +1)(k +2) — 1, cf. (12). Thus, (16) is satisfied if
k is a multiple of 4.
Now the argument follows from the following two easily observable facts:
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(i) Any point a = (z,0,0), where € (A1 \"] and k+1 > 2r satisfies
(14). Indeed, since ﬁ < 2, by (6) — (8) there is an s such that n, < my <
Ng41, and

g 4+3

)

Fma=mi(q) € (AMsF1 Ams] x {0,1} x

By (1) — (3) there is an | € [ms, msy1 — 1] such that ©"™=(0) € [p/r, (p +
1)/r]. By (4) and (5), [ satisfies (13).

(ii) By (15) and (16), any point « = (x,y, z),x # 0 can be mapped by an
iterate of F' to a point satisfying (i). O
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