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A strange recursion operator demystified
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Abstract

We show that a new integrable two-component system of KdV type
studied by Karasu (Kalkanli) et al. (arXiv: nlin.SI/0203036) is bi-
hamiltonian, and its recursion operator, which has a highly unusual
structure of nonlocal terms, can be written as a ratio of two compat-
ible Hamiltonian operators. Using this, we prove that the system in
question possesses an infinite hierarchy of local commuting generalized
symmetries and conserved quantities in involution, and the evolution
systems corresponding to these symmetries are bihamiltonian as well.

Using the Panilevé test, Karasu (Kalkanl) [1] and Sakovich [2] found a
new integrable evolution system of KdV type,

Ut = Wgpr — Vppr — 120U, + VU, + 200, (1)
V¢ = Myppr — 204000 — 120U, — 6uv, + 4vv,,
and a zero curvature representation for it [2]. Notice that this system is,
up to a linear transformation of u and v, equivalent to the system (16)
from the Foursov’s [3] list of two-component evolution systems of KdV type
possessing (homogeneous) symmetries of order k, 4 < k < 9.

Karasu (Kalkanli), Karasu and Sakovich [4] found that (1) has a recur-



sion operator of the form

Ri1 Rpo

R = <R21 R22>7

Ry = 3D:% — 6u — 3uxD;1,

Ry = [-2DJ + (2u + 3v) D3 + (8v, — 4uy) D2
+ (7vm — Gugy + 4u® — 6uv) Dy — 2uggq + 20400 + 6uu, — 3vuy,
— 4uv, +ug Dyt o vm] o (3ng —4vD, — 2%)_1 ,

Ro1 = 6D92E + 6u — 9v — 3UID;1,

Roy = [-3D3 + (12v — 18u) D2 + (18v, — 2Tuy) D2 + (1404 — 21ty
+ 12u? +12uv — 9@2) Dy — 6Uppy + 4Upze + 12uuy + 6vuy + 6uv,

— 9vu, +v, D7t o Ux] o (3D§ —4vD, — 21)1,)_1 )

T

Here D, is the operator of total z-derivative: D, = 0/0x + u,0/0u +
00/00 + 3525 (e 0/ Ougi_1ya + vjz0/V(i_1)s), Where up, = OFu/dx¥,
Vke = OFv/0xF, see e.g. [5] for further details. Let also §/6u = 0/0u +
Z;‘;l(—DI)ja/auﬁ, §/6v =0/0v + z;’;l(—Dx)j(‘)/(‘)vjx, u = (u,v)”, and
§/0u = (6/0u,6/6v)", cf. e.g. [5]. Here and below the superscript 7' denotes
the matrix transposition. Recall that a function that depends on z,t, u, v
and a finite number of uj, and vy, is said to be local, see e.g. [6, 5].

Because of the nonstandard structure of nonlocal terms in R the known
‘direct’ methods (see e.g. [7, 8, 9] and references therein) for proving the
locality of symmetries generated by (R are not applicable, so the question
of whether (1) has an infinite hierarchy of local commuting symmetries re-
mained open for a while. It was also unknown whether (1) is a bihamiltonian
System.

We have [4] R = DM oN~!, where M and I are some (non-Hamiltonian)
differential operators of order five and three. Inspired by this fact, we under-
took a search of Hamiltonian operators of order three and five for (1), and it
turned out that such operators do exist and the system (1) 4s bihamiltonian.
Namely, the following assertion holds.

Proposition 1 The system (1) is bihamiltonian:
uy = P16Ho/du = Pod H1 /du, (2)

where Hy = —3u+v/2, Hy = 2u? —uv+v?/9, and Po and P are compatible
Hamiltonian operators of the form

(D3 —2uD, —u, 0 _(Pu P2
Fo = ( 0 —9D3 + 120D, —|—6vm>’q31 - <P21 Py )’ ®)



where Pi; = D2 —4uD3 —6u, D2 +4(u? — ) Dy — Uy +4utiy —uy Dy L ouy,
Piy = 2D35 — (2u+ 3v0) D3 + 4(uy — 2%)1)2 + (6Ugz — TVzz — 4u? + 6uv) Dy +
QUzz — 2Vpz — 6UUL + 30Uy + 4uvy —uy Dy tov,, Py = 2D3 — (2u+3v) D3 —
(10U +v,) D2+ (—4u? +61uv—8uzy ) Dy — 2Uppy — 2Utly +30Ug +2uv, —v, Dy Lo
Uy, Pog = 3D+ (18u—120) D2 + (27uy — 120,) D2 + (21 — 140y, — 1202 —
12uv + 9?}2)Dx + 6Upge — Wape — 12uuy — 6vUy — UV, + VU — v, D Lou,.
Moreover, we have R = 3 o ‘Bal, and hence SR is hereditary.

Now we are ready to prove that (1) has infinitely many local commuting
symmetries.

Proposition 2 Define the quantities Q; and Hj recursively by the formula
Q; =P16H;/ou = PodH;11/0u, j =0,1,2,..., where Hy, H1, Po and P
are given in Proposition 1. Then Hj, j = 2,3,..., are local functions that
can be chosen to be independent of x and t, and Q; are local commuting
generalized symmetries for (1) for all j =1,2,....

Moreover, the evolution systems wi;, = Q; are bihamiltonian with respect
to Py and Po by construction, and H; = [ Hjdx are in involution with re-
spect to the Poisson brackets associated with Bo and P1 for all j =0,1,2...,
so 'H; are common conserved quantities for all evolution systems w, = Qy,
k=0,1,2,....

Proof. Let us use induction on j. Assume that for Q; = PB10H;/du there
exist a local function Hj;,; such that Q; = PodH;;1/0u and 0H; 41 /0x =
O0Hj41/0t =0, and let us show that then Q41 = PB10H ;41 /6u is local too
and there exists a local function Hj,9 such that Q41 = PodH,2/0u and
aHj+2/al‘ = 8Hj+2/8t = 0.

Since H; is independent of x, we have

co j—1
SH;,  G0H; o OH
widugd = p.(m, ZZ{ -0 ()

7j=1k=0

+v(j_k>x<—Dm>’“<§Z> }>

As Hj is local, the sum is actually finite, so D (uz0H;/0u + v ,6H;/dv) is
a local expression, and thus Q41 = P10H;/du is local too.

Next, as Qj+1 = ‘,BléHjH/éu, Qj = ‘,BoéHjH/éu, and R = 3%1 O‘Bal,
we can (formally) write Qj41 = (1/3)RQ);, cf. e.g. Section 7.3 of [5]. As
R is a recursion operator for (1), its Lie derivative along Qo vanishes:
Lq,(R) = 0. By Proposition 1 R is hereditary, so we have [10] Lq,, (R) =




(1/3)7 Loyi+1g, (R) = 0, whence Lq,,, (Bo) = 3Lq,,, (R oP1) =3R 1o
LQJ.Jr1 ((ﬂpl) =3R"lo L%(;Hjﬂ/(;u(iﬁl) =0, cf. e.g. [11, 12].

In turn, Lq,,,(Po) = 0 implies that there exists a local function Hj o
such that Q;11 = PodH;2/0u. The proof of this fact goes along the same
lines as it was done in [13] for the second Hamiltonian structure of the KdV
equation. Finally, as the coefficients of Py and 3, are independent of x and
t, it is immediate that we always can choose Hj 2 so that it is independent
of x and t.

The induction on j starting from j = 0 and the use of Theorem 7.24 of
Olver [5] complete the proof. OJ

In order to handle properly the nonlocal terms, for any local H such that
OH/0x = 0 we shall set, in agreement with the above (see e.g. [17]-[20] for
more details on dealing with nonlocalities),

SH;,  OH; o i1 OH
1 j J _ o . _ k
D (“x%*’”xw) = Hi=) Z{%—m( D) (auj)
7=1k=0
OH
k
+U(]—k){£( D:c) <8,ij>}

Then, for instance, the first commuting flow for (1) is

uy, = 2usy — (5/9)vs, — 20utiyy + (50/9)uvgy + (40/9)vUsrs
— (10/9)vvggr — 50Uz ULy + (125/9) Uz vy + (40/3)Vptizy — (10/3) V000
— (40/3)vuu, + (20/9)vuv, + 40u?u, — (80/9)u?v, + (5/9)v?uy,
Uy, = Busy — (4/3)vsy — 40Utgzy + 10Uvgzy + (10/3)VUgry — (5/9) VU
— 120Uy Uz + 30Uz vy + (80/3)vptsy — (55/9)vp v + (160/3)vuuy,
— 20vuw, + (40/3)uv, — (40/3)v2u, + (35/9)v%v,.

By Proposition 2 this system is bihamiltonian, and indeed we can write
it as
U, = ‘B15H1/5’u = ‘,]305H2/5u,
where

2 9 2 9
v —uy + §vxux - ﬁ”m'

7 8 5 20
H:_3__3__2 v 2
2 162U 3u 9vu+9u
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