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On a model with hysteresis arising in magnetohydrodynamics
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Abstract

We study the flow of a conducting fluid surrounded by a ferromagnetic solid, under the influence of the hysteretic response of the
surrounding medium. We assume that this influence can be represented by the Preisach model and show existence of a solution of the
resulting nonlinear system of PDEs in the convexity domain of the Preisach operator.
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1. Introduction

The flow of a conducting fluid surrounded by a
ferromagnetic solid is strongly influenced by the hysteretic
response of the surrounding medium Ref. [1], part G9. We
assume that this influence can be represented by the Preisach
model, and show that this assumption is in agreement with
thermodynamic principles. Similar problem was recently
considered in Ref. [2], where, however, the typical hysteresis
magnetization curve is approximated by two linear parts.

Magnetohydrodynamic (MHD) flows have been the
subject of an extensive study in the last 40 years (see for
instance Ref. [3]). Most of the results assume that no
ferromagnetic hysteresis takes place and the magnetic field
and the magnetic induction are linked by a linear relation.

In order to take into account the hysteretic effects in MHD,
we consider the following problem as a model for MHD flow
of a conducting fluid between two ferromagnetic plates

%(u—l—"f/(u))—kvV(u+W(u))—Au=0,

g+ (V- V)V = AV + (u+ W (u))Vu+ Vp = 0, M

divy =0,
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in Q x (0,7T), coupled with initial conditions and homo-
geneous Dirichlet boundary conditions, with unknowns
u (represents the magnetic field), v (velocity of the fluid) and
p (pressure), where Q is an open bounded set of R? and # is
a Preisach hysteresis operator.

2. Derivation of the model

Let us consider a conducting fluid moving in an electro-
magnetic field with given velocity v = (vy, v, v3) such that

divv = 0. 2

We recall the Ampére law (due to the low frequency
approximation the Maxwell term is neglected)

¢V x H = 4xj, ©)
the Faraday law
OB
VxE=—— 4
cV x 7 4
the Ohm law (where the Hall effect is neglected)
jza(E—i—XxB), ()
¢
the continuity equation
op
V.j+=—=0, 6
i+ (©)
and the equation of motion
D 1
pﬁj-l-Vp:ij—l—nAv—l—gr/Vdivv; ™
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here H is the magnetic field, j is the electric current, E is the
electric field, B is the magnetic induction, ¢ is the electric
conductivity, p is the charge density, p is the pressure, # is the
viscosity and ¢ is the speed of light in vacuum; moreover %
denotes the material derivative.

We further simplify our setting by considering planar
waves. More precisely, let Q be a domain in R? and assume
that (using orthogonal Cartesian coordinates x, y, z) both B
and H are parallel to the z-axis and only depend on the
coordinates (x,y) € Q i.e.

B =(0,0,B(x,y)) and H=(0,0,H(x,y)).

We assume that H and B are linked by a constitutive
relation with hysteresis, i.e.

B=(I+)H), ®)

where # is a scalar Preisach operator in the setting of
Refs. [4,5], and I is the identity operator. For more
information about modeling and analysis of Preisach-type
hysteresis, see [8—13]. As we are considering planar waves,
the electric field has the following form

E = (Ei(x, ), Ex(x, ), 0).
This implies that

. 0E, OE,
VxE= <0,0, o ay)’

O0H OH
VxH=(=—,-=2,0).
* (ay’ ax’°>
On the other hand
vx B = (v;B,—v B,0)

and therefore the Ohm law gives

| 1
j= <O’<E1+21)2B),O'<E2—El713),0>. 9)
Combining Eq. (3) with Eq. (9) and neglecting from now

on for simplicity the constants ¢, 47, n and o, we obtain
OH

—=FE;+nB (10)

0y

and

—a—HZEz—UlB. (11)
Ox

The Faraday law instead has the following form after our
simplifications

0B 0E, OF,

e St e 12
ot T ox oy (12)
Differentiating Eq. (10) in the y variable and Eq. (11) in the
x variable yields

°H OE, 0
L ~ (»B
ayz ay + 6)/ (UZ )’

O°H 0E, 0

Now using Eqgs. (12) and (13) we deduce

OB H H 0
a‘i‘ —W‘f‘a(vllg)_a—yz‘i‘@(l&lg) =0

which is equivalent to
%+div(v3)—AH=0, (14)

where we take v = v(x, y, ?).
We assume p to be constant (p = 1). From the Ampére
law,

(o _°H
.l_ ay’ axa

SO

jxB= —a—HB,—a—HB,O = —BVH.
Ox oy

Then, if we express the material derivative in terms of the
partial derivative, Eq. (7) becomes

g+(v.V)V—Av+BVH+Vp=0. (15)

Writing the abstract problem obtained by coupling (14), (2)
and (15) we have

a—B+V~VB—AH=O,
ot

0
a—:—l—(v-V)v—Av—l—BVH—i—Vp:O, (16)

divv =0
and this, together with Eq. (8) gives nothing but Eq. (1),
with H =u and B= (I + 7" )(u).
3. Main result

Assume that @ ¢ R*> is a Lipschitz domain and set
Qr:=Q x (0, T). For simplicity put V:=H}({) and

V;:{v e LX(Q;R%); /v -Vopdx =0,Vop € V},
Q

V=V N H{(Q; R?).

We want to solve the following problem.

Problem 1. Consider given initial data u°, v°; we search for
functions (u,v) with ue L*(Q;%°([0, T]) N L*0,T; V),
W (u) € LH(Q;%6°(0, T)) N LYQy), ve L*0,T;V) such
that

ov
ot
v(x,0) = v'(x)

and for any z € V, any z € V and for a.e. t € (0, T) we have

%(u + W (u) € L*(Q7), e LX(0, T; L*(Q; R?)),

u(x, 0) = 1’ (x),

/Q%(u + W (u))zdx — /Q[v - Vzl(u 4+ # (1)) dx

+/Vu-Vzdx=O, (17)
Q
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ov
/Qa.zdx_k/g(v-V)v-zdx—i—/Q(VV,VZ)dx
+/(u+“//(u))Vu-zdx=0. (18)
Q

Interpretation. If the functions u, # (u), v are smooth
enough, we may integrate by parts in Eqgs. (17) and (18).
We see that the function

q;% (V- V)V — AV + (u + W (u))Vu

is orthogonal to every function z € V, hence (see Ref. [6]),
there exists p such that ¢ = —Vp. Formally system (17) and
(18) thus reduces to Eq. (1) with homogeneous boundary
conditions for both u and v.

The main result of the paper can be stated as follows.

Theorem 2. Consider given data

Wer, VeV, Alel*Q), AV el*(Q;R?
and set
Cy=max{|uolly, Ivollv, ||A”0||L2(Q): ||AV0||L2(Q;R2)}- (19)

Then there exists a constant C, such that if C4<C,, then
Problem 1 admits at least one solution (u,v) with additional
regularity

ue W0, T; L*(Q)NH'0,T;V),
ve W0, T; LX(Q; R*) N H'(0, T; V).

We prove this theorem (see Ref. [7] for more details)
using standard methods of time discretization, derivation
of a priori estimates and passage to the limit; we strongly
use the properties of the Preisach hysteresis operator,

namely the discrete versions of the first- and second-order
energy inequalities.
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