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Abstract. A uniqueness result for a parabolic partial differential equation with hysteresis
and convection is established. This equation is a part of a model system which describes the
magnetohydrodynamic (MHD) flow of a conducting fluid between two ferromagnetic plates.
The result of this paper complements the content of [6], where existence of the solution has
been proved under fairly general assumptions on the hysteresis operator and the uniqueness was
obtained only for a restricted class of hysteresis operators

1. Introduction
In this paper we deal with the following model equation

gt(u—FW[u])—Fv-V(uﬂLW[u])—Au:O in Q x (0,7) (1)

coupled with homogeneous Dirichlet boundary conditions, where €2 is an open bounded set of
R2, A is the Laplace operator, W is a Preisach hysteresis operator and v : Q x (0,7) — R? is
known. This equation is a part of the following model system

ob

a—FVVb—Au:()?
ov
o TV V)V AV bVu+ Vp=0, (2)
divv =0,
L b=u+ Wlul,

in which equation (1) is coupled with a momentum equation of Navier-Stokes kind for the velocity
field v. Here u is the non-zero component of the magnetic field after some suitable assumptions
on the geometry of the model, v is the velocity of the fluid and p the pressure. System (2),
which has been derived in detail in [9], represents a model for MHD flow of a conducting fluid
between two ferromagnetic plates.

Equation (1) has been studied in [6] (see also [4], Chapter 3 and [5]), where the existence of
the solution has been proved under fairly general assumptions on the hysteresis operator; the
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uniqueness was obtained only for a restricted class of hysteresis operators. Here we want to
extend this result by deriving a more general uniqueness result (and complementary to this the
existence) under some suitable restrictions on the initial data.

We follow a general idea used to prove existence and uniqueness for the complete system
(2) (contained in the paper [8]). We first deal with a time discrete scheme with a convexified
Preisach operator under the time derivative and a cut-off Preisach operator in the remaining
hysteresis term. The key point is to get enough regularity for the solution to (1) to be able to
apply a discrete version of the Moser iteration lemma, which will bring the desired uniqueness
result. We present here only the main points of the proof of our results; further details can be
found in [7].

2. Hysteresis operators

2.1. Some remarks concerning hysteresis operators

2.1.1. The play operator We briefly recall the definition and some properties of the play
operator, which is the simplest example of a continuous hysteresis operator. It is defined as
the mapping that with a given input function u € W11(0,7T), a parameter r > 0, and an initial
condition 20 € [—r, 7], associates the solution &, € W11(0,T) of the variational inequality

(4) u(t) =& @) <7 vt € 0,71,

(i) (& (@) (u(t) = &) —y) = 0 a.e. Vyel[-rr], (3)
(i) &(0) =u(0) — a7,

see [10, 13], and we denote, for r > 0, P,[z%, u] : [-r, 7] x W10, T) — WHL(0,T) : (29, u) — &,.
It was shown in [3, Theorem 2.7.7] that the whole class of the so-called Preisach type hysteresis
operators (also called operators with return point memory in engineering literature) can be
represented by the one-parametric family of play operators {P,;r > 0}. Following [10, Section
I1.2], we introduce the configuration space as well as its subspaces

A= {)\ € Wh>(0, 00); d)\gnr) <1 a.e.} ,
A :={A e A;A(r) =0 for r > K}, Ao = U Axk. (4)

K>0

Elements A € A are called memory configurations. For a given A € A, it is convenient to define the
initial condition 20 by the formula 20 := Q,(u(0)—\(r)), where @, : R — [—r, ] is the projection
Qr(x) :=sign () min{r, |z|} = min{r, max{—r,x}}. Then X is called the initial configuration of
the play system, and we define for » > 0 a mapping @, : A x WH1(0,7) — W1(0,T) by the
formula @, [\, u] := P, [z, u].

2.1.2. The Preisach operator We briefly recall here the definition and some properties of the
Preisach operator. In the Preisach half-plane

Ri:{(r,v) eR?:r >0}, (5)

we assume that a function ¢ € Llloc(Ri) (the Preisach density) is given with the following
property.
Assumption 2.1. There exists 3; € L. (0,00), such that

0 <(r,v) < Bi(r) forae (rv)eR?.
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We put

5 K v
bi(K) := /0 Bi(r)dr for K >0 g(r,v) = /0 W(r, z)dz for (r,v) eR2, (6)

and define the Preisach operator as follows.
Definition 2.2. Consider 1) € L} (Ri) satisfying Assumption 2.1 and g as in (6). Then the

loc

Preisach operator W : Ag x G4(0,T) — G4(0,T) generated by the function g is defined by

- o porial®)
WA, u](t) = /O o(r, or [\ ] (8)) dr = /0 /0p (r, 2) dz dr (1)

for any given X € Ay, uw e G(0,T) and t € [0,T], where Ag is introduced in (4) and G4(0,T)
1s the space of Tight-continuous requlated functions.

As a counterpart of [10], Section II.3, Proposition 3.11, we have the following estimate.

Proposition 2.3. Let Assumption 2.1 be satisfied and let K > 0 be given. Then for every
A1, A2 € Ak and u,v € G4(0,T) such that |[ul|jg 1), [|v]|jo) < K, we have

K
WAL u](t) = WAz, v](1)] < /0 A1(r) = Ao(r)| Bu(r) dr + bi(K) [[u—vlljpq Yt € [0,T].

We finally quote the following result (see [10, Proposition I1.4.13]) which will be used in
Subsection 3.8 to establish the uniqueness of the solution to our model problem.

Proposition 2.4. Let W be a Preisach operator (7) satisfying Assumption 2.1. For given
up,ug € WHH0,T) and A, Ay € Ao put & = pp[Ni ugl, wi == Wki,wi] = [;7 g(r, &) dr,
i =1,2. Then for a.e. t € (0,T) we have

(w1 () = w2(t)) (ur(t) — ua(t)) > /Ooo(fi(t) — &) gt(g(n & (1) —g(r, &) dr. (8

3. Convexification and cut-off
3.1. The convezity domain of the Preisach operator
Let R > 0 be fixed; set
IR = {(r,v) € RY : |v| +r < R}.
In addition to Assumption 2.1 we prescribe the following conditions.
Assumption 3.1.

N oY 00
(Z> % € LIOC(R%-);
(i) Ap:=inf{y(r,v); (r,v) € Zr} > 0.
Furthermore, denote

O = sup {\(fw v)

; (ryv) € QR}.

Taking possibly a smaller R > 0, if necessary, we may assume that Kp := %AR — RCRr > 0.

We modify the density ¢ outside Zr by setting

w(rﬂf) (T, U) € @R
) Y, —R+r) v<—-R+r,r< R
Yr(rv) = Y(r,R—r) v>R—-r,r<R (9)
Y(R,0) r > R.
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3.2. Convexification
We define a new Preisach operator Wpg by the formula

0 @T-P\,u](t)
Wi\, ul(t) = /O /0 Vn(rv) dv dr (10)

for A\ € Ag and u € WHL(0,T). Tt has the property that all increasing hysteresis branches are
convex and all decreasing branches are concave, see (25). This plays an important role in the
higher order energy inequalities.

3.8. Cut-off
We also introduce the cut-off density

Dr(r,v) = { Bﬁ(r, v) (r,v) € Zr (11)

otherwise

and the corresponding cut-off operator

. oo rerAul(t) _
Wr[\, u](t) = /0 /0@ Yr(r,v)dvdr. (12)

Remark 3.2. We remark that Wpg is convex but non globally bounded while VNVR is globally
bounded but non convex. In the hysteresis terms that will remain on the left hand side when
developing the estimates in Subsections 3.3 - 3.5, we need to use the discrete version of Wpg as we
have to exploit the convexity of the loops and the corresponding second order energy inequality;
in the hysteresis terms that will be in the right-hand side, we use the discrete version of Wg,
as we need instead to establish a global bound. This motivates the introduction of both the
operators (10) and (12).

4. The main result
Let us consider an open bounded domain  C R? with Lipschitzian boundary, and set
Qr =02 x(0,7). Weset V:= WO1 2(Q), and introduce the spaces of divergence free functions

H:= {u € LOO(Q;RQ);/QU(;U) -Vo(x)de =0 Vo € V} A = L>=(0,T; H).

We propose to solve the following problem.

Problem 4.1. Consider a Preisach operator W of the form (7), and let up € L*(Q), vo € H,
and \ : Q — A be given initial data. For given v € L?(0,T;H) we search for a function u with
appropriate reqularity, such that

u(z,0) = up(z) a.e in Q (13)

and for any ¢ € V and for a.e. t € (0,T) we have
/Qaat(quW[A?u])qbd:c/QV-V¢(u+W[)\,u])d:c+/QVu-ngbda::O. (14)

The main result can be stated as follows.
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Theorem 4.2. Let W be the Preisach operator satisfying Assumptions 2.1 and 3.1, and let
R > 0 be fized as in Subsection 3.2. Let K € [0, R] and A : Q@ — Ak be given. Let the data have
the regqularity

ug €V, Aug € L*(Q), veH, vi€H (15)

and set
a := max {{|uol|v, [[Auol| L2 (), VI, [[Vil L } - (16)

Then there exists ay > 0 such that if a < ay, then Problem 4.1 has a unique solution u with the
regularity -
u e CO(QT) Vu; € LQ(QT;RQ) U € LOO(QT) (17)

5. Proof of Theorem 4.2
5.1. The discrete problem

T
Let us fix some m € N; then define the time step 7 = —. We consider for £k =1,...,m and for
m

any ¢ € V the following recurrent system

/W¢dm+/w¢dx_/[vk.v¢]bk1dm+/Vuk-V¢d1’:0a (18)
0 Q T Q @

T

where:

1 kT

- v is defined by v (z) = / v(z,t)dt
T Jk-1)T

- by, satisfies the equation

bi(x) = up(z) + wi(x), ae. inQ, k=0,...,m, (19)

with homogeneous Dirichlet boundary conditions, with

wi(x) = /O T on(n &) dr, k(z) = / " Gn(r &) dr, (20)

and

0
gr(r.v) = /0 Pr(r o) d,  Grl(ro) = /0 Drlro) do. (21)

Moreover 1, g are the functions introduced in (9), (11) respectively and the sequence & is
defined recursively by

o(w,7) := P[A(z,-),uo(@)](r),  &klz,7) = Plg-1(, ), ue(2)](r), (22)

with P : A xR — A defined as
P\, v](r) := max{v — r,min{v + r, \(r) } }. (23)
The solution to (18) can be constructed by induction over k, using the Browder-Minty fixed

point theorem and the monotonicity of the mappings g(r,-) and P[A,-] (a similar argument has
been employed in [8], Section 4.2).
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5.2. A discrete first order energy inequality
We recall here a discrete counterpart of the first order energy inequality presented in [10], Section
I1.4, which is proved in detail in [8].

Setting &} (x) := & (x, r) where & (x, ) has been introduced in (22), assuming 1) is an arbitrary
function satisfying Assumption 2.1, the discrete version of the first order energy inequality can
be stated as follows.

3
(fwk—wk 1)uk—(Ek—Ek 1 / / TU d’l)dT'—‘Sk—Sk 1| (24)

where

:/OOG(r,g;;(x))dr, Sk(x)z/oorg(r,&’;(w))dr
0 0

with G given by G(r,v) := v g(r,v) fo r,z)dz = fo z(r, z) dz, are the discrete versions of
the Preisach potential energy £ and dissipation operator S, 1ntroduced in [10], Section II.4.

5.8. A discrete second order energy inequality

Let p > 2 be arbitrary and set F, = Uy ]Uk]p_z, where Uy, = % in agreement with the
notations we will introduce later in (27). We recall here a discrete version of the second order
energy inequality which can be stated as follows: For every k = 2,...,n, n € {1,...,m} and

a.e. €0
(Wi, — Wy—1) Fiy > — (Vkaﬂ;—-VVk 1Fi—1) . (25)

S

A detailed proof can be found in Section 6.2 of [8]; the time continuous case with p = 2 is treated
in [10, Sections II.3 and II.4].

5.4. First a priori estimate
In the estimates below, we denote for simplicity with C' every constant independent of o and 7;
the value of C' may vary from line to line. We choose ¢ = uy, in (18). This yields

/uk_uklukd:v+/ Wukdaz—i—/ \Vuk\zdx S/(vk-Vuk)bkldx
Q T Q T Q Q
1 1
o? / ]bk_1|2dx+/ |V |? de < a2/(]uk_1]2+1)daz+/ |V |? da;
Q 2 Ja Q 2 Ja

in the last inequality we used the pointwise estimate |wi_1(x)| < C, which follows from the
definition of the Preisach operator. Therefore, using (24) and summing for &k = 1,...,n, for
every n € {1,...,m} we obtain

/|un|2dx+7' Z/ |Vug|* de < C’/ ]u0|2dx+/E0dx+Z/ lug|? de + o
Q /0 Q Q = /0

Using a discrete Gronwall argument it follows that

max /\un\ d:U—l—TZ/ Vurl2dz < Ca. (26)

,,m
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5.5. Estimate of the initial condition
In equation (18) corresponding to &k = 1 we choose ¢ := . Due to the monotonicity and
local Lipschitz continuity of the functions g(r,-) and P[\,-](r), we have the pointwise inequality

M) (LT S g vaen
T T - )

Using this and the assumptions on the function v, we deduce

2 2
/ dx—i—'r/ \V4 (ul UO)‘ d.%'S/‘AuOde-i-C/‘Vb()PdZ' < C o’
Q Q Q Q

-
5.6. Second a priori estimate
We set for brevity

U1 —ug

Uy — ug

T

Up — Ug—1
U, =—, Bp: Wy =

T T T
We take the time increments in (18) and then test by Uy. We get

_ bk — b

/Q(Uk — kal) Uy, dx + /Q (Wk — kal) Uy, dx

— T/(Vk-VUk)bk_l—T/(Vk_l'VUk)Bk_1d$+T/|VUk|2 dr = 0.
Q Q Q

Using (25) for p = 2, we have, for k > 2

1

-
5 /Q[(Uk + Wk)Uk — (Uk—l + Wk_l)Uk_ﬂ dx + 5 /Q ‘VUk‘Q dz < CT/Q(|U]€_1|2 -+ |uk_1|2) dzx,

where we used also Assumption (15). At this point we sum up for k = 1,....,n, n € {1,...,m},
we use the estimate on the initial condition and apply a discrete version of the Gronwall lemma,
to get

max /|Un|2da:+7'Z/|VUk|2d:z:§Ca2. (28)
n=1,....m 9] =1 9]

5.7. Third a priori estimate
In this subsection will establish a further a priori estimate for Vug; we will use Theorem 6.1
from Section 6.1. Set, for any ¢ € V

F(9) :—/Q(Uk—i-Wk)¢d$—|—/Q[Vk-v¢] bp_1 dx.

Now take any ¢ > 2 and ¢ € VVO1 ’q/(Q). Using the Sobolev embeddings and the fact that
br—1 € LP(R2), for every p > 2 (this can be seen using the fact that ux € LP(2) from (26) and
wy € LP(Q) directly by the definition of wy), we have the following estimate

F@l < [ (10004 max, ) o]+ il Il (991) do < Cra® [0l

=1l,...,

with a constant Cr dependent on ¢. This is equivalent to
HF||W_1"1(Q) S CF a2.

Thus, as we proved that F' € W~19(), we can use Theorem 6.1 from Section 6.1 to obtain the
following estimate
Vgl Lage) < Ca’. (29)
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5.8. An L*®°—bound for the solution: applying the Moser iteration technique
We apply the Gagliardo-Nirenberg inequality (see e.g. [1]) to deduce

Uk-1llra) < C. (30)

Set My := Vi bp_1 + vi_1 Bg_1. Due to the assumptions on the function v, we have that

; /|Mk|deg c. (31)

with ¢ > 2. We take the time increments in (18) and test by Uy |Ug[P~2 for any p > 2. Using
the monotonicity of the functions g and P (see (6) and (23)), we get

1 / - 2 —2
— max UpPde+7(p—1 / VUL|* |Up|P~* dx
s, [0 =1 3 [ VO o

1 n
< / UoPde+Cr(p—1)> /|Mk||V<Uk|Uk|p—2)rdx
D Ja 10

1 —1
< pcp+cr(p2)/ yVUkQ\Uk\p2dx+CT(p—1)/ M |? |UR|P2dz.  (32)
Q Q

Using (31) with ¢ = 4, we deduce

mac [ U detrY (VORGP de< © (140) [upr).
k=1,..n Jq —Jo k=179

At this point it is easy to prove the following implication

TZ/ Up|?2dz < C = TZ/ U|? da < C,
k=14 k=179

which yields, together with (30), that (31) holds with ¢ > 4. Now we come back to (32) and set
2
ZW .= Uy U571 so that [ZP]? = |UpP and [VZP)? = |VUky2yUkyp*2%. (33)

This in the notation (33) implies

n

Imax /\ZI(,’“)]de—i—T Z/ VZF P dr < CP + C 7 p? Z/ [|Mk12\zzg’“>\2”%2] dz.
e JQ k=174 k=17

A combined use of the Gagliardo-Nirenberg, Holder and generalized Young inequalities yield
(here we need (31) with ¢ > 4)

(T Z/Q|ZZ()’“)\4dx> <C (cucfp?’ > ||Z;k>||§2q,(9)> . (34)
k=1 k=1

We choose

J ,
p=(1+r)q k=——1 Xji=1 Z/ U, |22 OF+R)Y g, (35)
k=19
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We have
(k) _. yl/2 (k) _. yUd
(TZ/Q |20 da:) —: X] 3|17 ooy = X1
k=1 k=1

From (34) we therefore deduce

1/2 (1+k)7 iy l/d
X, < C’max{C’ ® ,(1+/£)9Xj_1}.
This inequality is the first step from which we can start the application of the Moser iteration
technique (see Lemma 5.6 of Chapter II of [12]). We have

1

1 1 Ll
Xj2q(1+n>3 < C (14r)J maX{C,(1+fi) q(14k)J Xj2£<11+n>3 }

We set

1

Y = X 200+ 0; = S ,
T T a1+ k)

from which we deduce (after have taken the logarithm of both members of the inequality)

max{log C,log¥;} < 5 log C + 6; log(1 + k) + max{log C,log Y;_1 }.

1
(1+ k)
We set for brevity a; := max{log C,logY}}, getting

J
a; < ; +log(1 + k) Z(Sg.
=1

J
-log C' + 9, log(1+ k) +aj—1 < ap+logC —
! ! ;(14-/@)

(1+ k)

Aslong as ) 2,0y <ocoand ) 2, ﬁ < oo for kK > 0 (the fact that ¢ > 2 assures that ¢’ < 2

and therefore that £ > 0) we finally obtain a; < C, for all j, with constant C' independent of j.
This implies that

1
n 2p
(T 3 / yUkadm) <c (36)
k=17

and after letting p — oo we obtain the bound

sup |[|Ugl|zee() < C, ne{l,...,m}. (37)

k=1,...,n

5.9. Passage to the limit
For each fixed time step 7, we associate with the sequence {uy} constructed above their piecewise
linear and piecewise constant time interpolates according to the following scheme:

_(7) e
uy’(x,t) = ug(x), wy(x,t) = wg(x), } -
i@ t) = wei(@), @7 (x,t) = @p(2), (38)
WD (x,t) = upor(z) + “E (g (2) — upi ()

WO (2,t) = w1 (2) + FELT (wy(2) — wp (2)) (39)
b (x,t) = a7 (x,t)+ 07 (z,1)
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forzeQandte|[(k—1)r,kr), k=1,2,...,m, continuously extended to ¢t = T. We have
w7 =wrlhal), @ = Weha"). (40)

As a consequence of the estimates (26) and (28), we see that there exists a function u €
L>(0,T; L3(Q)) N L2(0,T; WH2(Q)), such that u; € L°(0,T; L?(2)) N L?(0,T; W12()), and,
along a subsequence as 7 — 0,

W) — u  weakly star in  L°°(0,T; L2(Q)) N L2(0, T; W12(Q)),

41
a5 w,  weakly star in - L(0,T; L2(Q)) N L2(0, T; Wh2(Q)). (41)

On the other hand, from (29) we deduce, for any p > 2 (and thus for any p > 1)
supess ||V || 1oome) < 0* CF, (42)

te(0,T)

with a constant Cj > 0 independent of 7. The space {z € L'(Q x (0,7));Vz €
L>(0,T; LP(S;R?)), 2, € L>=(0,T; L*(Q))} is compactly embedded in C%(2 x [0,7]). Hence,
there exists a constant C,, such that

|0 (z,t)] < ®Cy  V(x,t) € 2 x[0,T). (43)
Hence, we have, passing again to a subsequence, if necessary,

Vi) — Vu strongly in  L?(Qp;R?),

F71 G ) uniformly in ~ C%(Q7). )

The passage to the limit in the hysteresis terms can be obtained as in [8], using Proposition
2.3 from Section 3 and the theory of right-continuous regulated functions G4 (0,T") (which are
functions w : [0,7] — R which admit the left limit u(¢_) at each point ¢t € (0,7] and the right
limit u(¢) exists and coincides with w(t) at each point ¢ € [0,7)). At the end we are able to
deduce that

") — w := Wg|\, u] strongly in L?(Q; G4(0,T)). (45)

At this point, the convergences (41), (44), (45) enable us to pass to the limit as 7 — 0 and
obtain (we set @ := Wg[A, u])

/Q((ut—i-wt)qﬁ—(u—i—vj))v-Vqﬁ—i-Vu-V(ﬁ)dw—O. (46)

The L bound (43) is preserved in the limit. Hence, choosing « sufficiently small, we obtain
lu(z,t)| < R, a.e. in Qrp.

Since K < R, it follows e.g. from [10, Lemma II.2.4] that the integration domain in (10) and
(12) is contained in Zg, hence the truncations in (9) and (11) never become active, and we have

w=w=W[\u.
Moreover, from (37) we deduce the following regularity for u
uel Lo () < C. (47)

This concludes the existence part for Theorem 4.2.

10
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5.10. Uniqueness
Suppose now by contradiction that Problem 4.1 admits two solutions u; and ug. We write (14)
first for u; then for us; then we choose ¢ = u; — uo. We set, for ¢ = 1,2

w; = WR(UZ) = /0 gR(T, pr[)‘yui]) dr 572" = @r[)‘a ui]?

with gr(r,v) := [y ¥r(r, 2) dz (g being introduced in (11)), for (r,v) € RZ and we deduce

0
/ a(ul —ug +wyp — we) (u; — ug)dr — / [v-V(up — u2)] (b1(uy) — ba(uz)) dz
Q Q
+/ |V (u1 — ug)|*dz =0 (48)
Q
In order to deal with the hysteresis term under the ime derivative, we have to use Proposition

2.4 from Section 3 and the estimate (47); we notice that in (8) we can replace the integral [

with fOR as it vanishes for r > R. The key point is the following identity

(€~ &) o (gnlr. &) — 9n(r, &) = 5 = [n(r, ) €} ~ &P
- LW aep g D - walr.g) - vin ), (19)

which gives, using estimate (47)

0

8t(w1 wa) (U1 —ug) > 28t/ Vr(r, &) 16 — &7 dr — C/ & — &) dr.

Integrating in time, for 7 € (0,t), for any ¢ € (0,7) we deduce (due to the causality of the
hysteresis operator, the terms evaluated at ¢ = 0 vanish)

t
/0 %(wl —ws) (ug — ug)ds (50)

R
> él|w1<t>—wz<t>2+éz/o €1 — €t |2dr—202// €1(s) — €2(s) % dr- ds.

where Ag has been introduced in Assumption 3.1.
We now deal with the remaining terms of (48).

/Q[v - V(up — u2)] (by(ur) — ba(uz))dx < 411/9 IV (uy — ug)|? dz + C/Q luy — ug|? da.

Therefore summing up we deduce in particular

2dt/|u1u2|2d1:+/ gn (w1 — wa)(uy — ug) dz—|—/V ul—u2)|2dx<0/ |u1—u2| dx.

Integrating in time and using (50) we deduce (we once more use the causality of the hysteresis
operator and the fact that the two solutions are supposed to have the same initial data) the
uniqueness of the solution in a standard way by the application of the Gronwall lemma. This
finishes the proof of Theorem 4.2. [
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6. Appendix
6.1. Mazimal regularity theorem
Theorem 6.1. Let Q) be a bounded Lipschitz domain of R™; for a given 1 < q < oo, let

F € (Wol’q,(Q))* = W=H9Q) and let z be the solution of the Poisson equation —Az = F
associated with homogeneous Dirichlet boundary conditions. Then we have the following estimate
for Vz

IV2|lLa) < C(@) [|F]lw-1.0

with a constant C(q) only dependent on q.

Acknowledgment. The authors appreciate several interesting and stimulating discussions with
Pavel Krej¢i on this and related topics. This work was supported by the project MSM4781305904
of the Czech Ministry of Education.

References

[1] O.V. Besov, V.P. IL'IN, S. M. NIKOL’SKII: Integral representations of functions and embedding theorems,
Nauka, Moscow, 1975 (in Russian), English translation edited by Mitchell H. Taibleson. V. H. Winston
& Sons, Washington, D.C.; Halsted Press [John Wiley & Sons], New York-Toronto, Ont.-London, 1978
(Vol. 1), 1979 (Vol. 2).

[2] H. Brezis: Analyse fonctionnelle, Théorie et applications, Masson, Paris (1983). (In French)

[3] M. BROKATE, J. SPREKELS: Hysteresis and phase transitions, Applied Mathematical Sciences, 121,
Springer-Verlag, New York (1996).

[4] M. ELEUTERIL: “On some P.D.E.s with hysteresis”, Ph.D. Thesis, University of Trento (2006).

[5] M. ELEUTERIL: An existence result for a P.D.E. with hysteresis, convection and a nonlinear boundary
condition, Discrete and Continuous Dynamical Systems, supplement (2007), 344-353.

[6] M. ELEUTERIL: Well posedness results for a class of parabolic partial differential equations with hysteresis,
NoDEA Nonlinear Differential Equations Appl., to appear.

[7] M. ELEUTERI, J. KOPFOVA: A uniqueness result for a class of parabolic equation with hysteresis, in
preparation.

[8] M. ELEUTERI, J. KoPFovA, P. KREICT: Magnetohydrodynamic flow with hysteresis, WIAS Preprint No.
1319, 2008.

[9] M. ELEUTERI, J. KoPFoVA, P. KREICI: On a model with hysteresis arising in magnetohydrodynamics,
Physica B: Condensed Matter, “Proceedings of the Sixth International Symposium on Hysteresis and
Micromagnetic Modeling”, 403, no. 3, (2008), 448-450.

[10] P. KREICT: Hysteresis, convezity and dissipation in hyperbolic equations, Tokyo: Gakkotosho (1996).

[11] P. KREICT: The Kurzweil integral and hysteresis, Proceedings of MURPHYS’06, Cork, Ireland, Journal of
Physics: Conference Series, 55 (2006), 144-154.
AL ADYZHENSKAYA, AL OLONNIKOV, AN RAL'TSEVA: inear and quastlinear equations o

12] O.A. L V.A. S N.N. Urav Li d 13 ; f
parabolic type, American Mathematical Society, 1968. (Russian edition: Nauka, Moskow, 1967).

[13] A. VISINTIN: Differential models of hysteresis, Springer (1994).

12





