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Jets and contact elements1

D. Krupka and M. Krupka

Abstract. The purpose of this research-expository work is to introduce basic concepts
of the theory of jets, and to study their general properties. An r -jet of a real function
of several real variables at a point is simply the collection of the coefficients of the r -th
Taylor polynomial of f at this point. The concept of an r -jet is easily generalized to
differentiable mappings of smooth manifolds in terms of charts. The structure of the
following manifolds of jets is discussed:

(a) higher order differential groups,
(b) jets of mappings of a Euclidean space into a manifold, with source at the origin

(velocities, regular velocities, higher order frames),
(c) manifolds of contact elements (higher order Grassmann prolongations of a mani-

fold, i.e., the quotients of manifolds of regular velocities by the differential groups
acting on them).

(d) jet prolongations of fibered manifolds and fibrations,
(e) jet prolongations of Lie groups, Lie group actions, principal and associated bundles.

Keywords and phrases. Jet, regular jet, velocity, differential groups, frame, contact el-
ement, Grassmann prolongation, prolongation of a fibered manifold, prolongation of a
Lie group, prolongation of a principal bundle, prolongation of an associated bundle.
MS classification. 58A20.

Introduction

In this work, we present a self-contained introduction to the theory of jets, suitable
for a deeper, systematic study of the subject. We explain basic ideas, and give proofs
of all assertions. The choice of topic we discuss corresponds with the use of the theory

1 Research supported by Grants CEZ:J10/98:192400002, VS 96003 “Global Analysis” of the Czech
Ministry of Education, Youth and Sports, and by Grant 201/00/0724 of the Czech Grant Agency.
This paper is in final form and no part of it will be published elsewhere.
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of jets in differential geometry (natural bundles, differential invariants), the calculus of
variations on smooth manifolds (Lagrange theory, natural variational principles), and in
mathematical physics (higher order mechanics and field theory).

Our basic references are [3], [4], [5], [6], and [8]. It is not our aim to simplify, or
to shorten the exposition to a minimum. Instead, we insist on a deeper, active under-
standing of basic motions, as well as techniques of working with jets. We do not discuss
possible generalizations of the theory to more abstract categories than the basic ones
of the smooth differential geometry (the categories of smooth manifolds and fiber bun-
dles). Recent developments in this direction can be found in [5]; neither it is our goal to
discuss applications (see e.g. [6], [7], [11]). Numerous references to all these subjects
can be found in [5], [8], [10], and [11].

1. Jets of smooth mappings

1.1. The higher order chain rule. Let n and k be positive integers. As usual, we
denote by Di f = ∂ f/∂xi the i-the partial derivative of a function f : Rn → R. If
I = {i1, i2, . . . , ik} is a set of positive integers such that 1 ≤ i1, i2, . . . , ik ≤ n, we
denote

(1) DI = Di1 Di2 · · · Dik .

Since the partial derivative operators commute, the symbol on the left hand side is cor-
rectly defined. The following explicit formula has numerous applications.

Lemma 1. Let U ⊂ Rn and V ⊂ Rm be open sets, let f : V → R be a smooth
function, and let g = (gσ ), 1 ≤ σ ≤ m, be a smooth mapping of U into V . Then

(2)

Dis · · · Di2 Di1( f ◦ g)(t)

=
s∑

k=1

∑
(I1,I2,...,Ik )

Dσk · · · Dσ2 Dσ1 f (g(t)) DIk gσk (t)

· · · DI2 gσ2(t)DI1 gσ1(t),

where the second sum is understood to be extended to all partitions (I1, I2, . . . , Ik) of
the set {i1, i2, . . . , is}.

Proof. To prove (2), we proceed by induction. We have

(3)

Di1( f ◦ g)(t) = Dσ f (g(t))Di1 gσ (t),

Di2 Di1( f ◦ g)(t) = Dσ2 Dσ1 f (g(t))Di2 gσ2(t)Di1 gσ1(t)

+ Dσ f (g(t))Di1i2 gσ (t).

Now assuming that

(4)

Dis−1 · · · Di2 Di1( f ◦ g)(t)

=
s∑

k=1

∑
(J1,J2,...,Jk )

Dσk · · · Dσ2 Dσ1 f (g(t)) DJk gσk (t)

· · · DJ2 gσ2(t)DJ1 gσ1(t)
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we obtain

(5)

Dis Dis−1 · · · Di2 Di1( f ◦ g)(t)

=
s∑

k=1

∑
(J1,J2,...,Jk )

Dσs Dσk · · · Dσ2 Dσ1 f (g(t)) Dis gσs (t)DJk gσk (t)

· · · DJ2 gσ2(t)DJ1 gσ1(t)

+
s∑

k=1

∑
(J1,J2,...,Jk )

(
Dσk · · · Dσ2 Dσ1 f (g(t)) (DJk gσk (t)

· · · DJ2 gσ2(t)Dis DJ1α
σ1(t) + DJk gσk (t) · · · Dis DJ2 gσ2(t)DJ1 gσ1(t)

+ · · · + Dis DJk gσk (t) · · · DJ2 gσ2(t)DJ1 gσ1(t)
)

=
s∑

k=1

∑
(I1,I2,...,Ik )

Dσk · · · Dσ2 Dσ1 f (g(t)) DIk gσk (t) · · · DI2 gσ2(t)DI1 gσ1(t)

which gives (2).

Formula (2) is called the higher order chain rule, or simply the chain rule.

1.2. Jets of smooth mappings. Let X and Y be two manifolds, x ∈ X a point, W1,
W2 two neighborhoods of x . We say that two mappings of class C0 f1 : W1 → Y , and
f2 : W2 → Y are tangent of order 0 at x , if f1(x) = f2(x). If r ≥ 1 is an integer, we
say that two mappings of class Cr f1 : W1 → Y and f2 : W2 → Y are tangent to the
r-th order at x , if they are tangent of order 0 (as mappings of class C0), and there exist
a chart (U, ϕ), ϕ = (xi ), at x and a chart (V, ψ), ψ = (yσ ), at f1(x) = f2(x) such that
U ⊂ W1 ∩ W2, f1(U ), f2(U ) ⊂ V , and

(1) Dk(ψ f1ϕ
−1)(ϕ(x)) = Dk(ψ f2ϕ

−1)(ϕ(x))

for all k ≤ r . We say that two mappings of class C∞ f1 : W1 → Y and f2 : W2 → Y
are tangent to order ∞ at x , if they are tangent to order r for every r .

Let r ≥ 1. If in components, ψ f1ϕ
−1 = (yσ f1ϕ

−1), ψ f2ϕ
−1 = (yσ f2ϕ

−1), then f1

and f2 are tangent to order r at x if and only if f1(x) = f2(x) and

(2) Di1 Di2 · · · Dik (yσ f1ϕ
−1)(ϕ(x)) = Di1 Di2 · · · Dik (yσ f2ϕ

−1)(ϕ(x))

for all k = 1, 2, . . . , r , where 1 ≤ i1, i2, . . . , ik ≤ n, 1 ≤ σ ≤ m.
If f1, f2 are tangent to order r at x , then for any chart (U , ϕ), ϕ = (xi ), at x and any

chart (V , ψ), ψ = (yσ ), at f1(x) = f2(x),

(3) Dk(ψ f1ϕ
−1)(ϕ(x)) = Dk(ψ f2ϕ

−1)(ϕ(x))

for all k = 1, 2, . . . , r . To see it we express the derivative

(4)
Di1 Di2 · · · Dik (yσ f1ϕ

−1)(ϕ(x))

= Di1 Di2 · · · Dik (yσψ−1 ◦ ψ f1ϕ
−1 ◦ ϕϕ−1)(ϕ(x))

as a polynomial in the variables D j1(yν f1ϕ
−1)(ϕ(x)), D j1 D j2(yν f1ϕ

−1)(ϕ(x)), . . ., D j1
D j2 · · · D jk (yν f1ϕ

−1)(ϕ(x)) (Section 1.1, Lemma 1). Then the derivative Di1 Di2 · · · Dik
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(yσ f2ϕ
−1)(ϕ(x)) is expressed by the same polynomial in the variables D j1(yν f2ϕ

−1)

(ϕ(x)), D j1 D j2(yν f2ϕ
−1)(ϕ(x)), . . . , D j1 D j2 · · · D jk (yν f2ϕ

−1)(ϕ(x)). Now (3) fol-
lows from (2).

Let r ≥ 0 be an integer, or r = ∞. Fix two points x ∈ X, y ∈ Y , and denote by
Cr

(x,y)(X, Y ) the set of mappings of class Cr f : W → Y , where W is a neighborhood
of x , such that f (x) = y (W is not fixed). The relation “ f, g are tangent to order r at x”
on Cr

(x,y)(X, Y ) is obviously reflexive, transitive, and symmetric, so it is an equivalence.
Equivalence classes of this equivalence are called r -jets with source x and target y. The
r -jet whose representative is a mapping f ∈ Cr

(x,y)(X, Y ) is called the r-jet of f at x ,
and is denoted by Jr

x f . If there is no danger of confusion we call an r -jet with source x
and target y simply an r-jet, or a jet.

The set of r -jets with source x ∈ X and target y ∈ Y is denoted by Jr
(x,y)(X, Y ).

Clearly, J 0
x f = (x, y), and J 0

(x,y)(X, Y ) = {(x, y)}.
Let r ≥ 0 be an integer, or r = ∞. Let f ∈ Cr

(x,y)(X, Y ), f : W → Y . If U
is a neighborhood of the point x ∈ X and V is a neighborhood of y ∈ Y , we may,
using continuity arguments, restrict the range and the domain of f to V and to U . Let
ιV,Y : V → Y and ιU∩ f −1(V ),W : U ∩ f −1(V ) → W be the canonical inclusions. We
define f ′ ∈ Cr

(x,y)(U, V ) by the formula f ′ = ι−1
V,Y ◦ f ◦ ιU∩ f −1(V ), which induces

a mapping ν of Jr
(x,y)(X, Y ) into Jr

(x,y)(U, V ). Conversely, if f ′ ∈ Cr
(x,y)(U, V ), we

define f by f = ιV,Y ◦ f ′ ◦ ι−1
U∩ f −1(V ),W

, which induces a mapping ι of Jr
(x,y)(U, V ) into

Jr
(x,y)(X, Y ). Explicitly,

(5)
ν(Jr

x f ) = Jr
x

(
ι−1
V,Y ◦ f ◦ ιU∩ f −1(V )

)
,

ι(Jr
x f ′) = Jr

x

(
ιV,Y ◦ f ′ ◦ ι−1

U∩ f −1(V ),W

)
.

Both ν and ι are bijections, and ν = ι−1 is its inverse. The mappings ι, ν are called the
canonical identifications of Jr

(x,y)(U, V ) and Jr
(x,y)(X, Y ).

Now we introduce a Cr structure on the set Jr
(x,y)(X, Y ). Let (U, ϕ), ϕ = (xi ) be a

chart at x , and let (V, ψ), ψ = (yσ ), be a chart at y. We set for every Jr
x ∈ Jr

(x,y)(X, Y )

(6) yσ
i1i2···ik

(Jr
x f ) = Di1 Di2 · · · Dik (yσ f ϕ−1)(ϕ(x)),

where 1 ≤ k ≤ r, 1 ≤ σ ≤ m, and 1 ≤ i1 ≤ i2 ≤ · · · ≤ ik ≤ n. yσ
i1i2···ik

are real-valued
functions on Jr

(x,y)(X, Y ). Then we set

(7) χ r
ϕ,ψ(Jr

x f ) = (
yσ

i1
(Jr

x f ), yσ
i1i2

(Jr
x f ), . . . , yσ

i1i2···ir (Jr
x f )

)
.

This defines (in components) a mapping χ r
ϕ,ψ : Jr

(x,y)(X, Y ) → RN , where

(8) N = m

((
n

1

)
+

(
n + 1

2

)
+ · · · +

(
n + r − 1

r

))
= m

((
n + r

n

)
− 1

)
.

In connection with the use of Section 1.1, Lemma 1, we also apply a different nota-
tion. If I = {i1, i2, . . . , ik} is a set of positive integers such that 1 ≤ i1, i2, . . . , ik ≤ n,
we denote

(9) yσ
I (Jr

x f ) = DI (yσ f ϕ−1)(ϕ(x)),

where DI is given by Section 1.1, (1).
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Lemma 2. Let X and Y be two smooth manifolds. There exists one and only one
smooth structure on Jr

(x,y)(X, Y ) such that for every chart (U, ϕ), ϕ = (xi ), at x and
every chart (V, ψ), ψ = (yσ ), at y, (Jr

(x,y)(X, Y ), χ r
ϕ,ψ), χ r

ϕ,ψ(Jr
x f ) = (yσ

i1i2···ik
) is a

chart on Jr
(x,y)(X, Y ).

Proof. First we show that the mapping χ r
ϕ,ψ : Jr

(x,y)(X, Y ) → RN is a bijection. It
follows immediately from the definition of an r -jet that χ r

ϕ,ψ is injective. To show that it
is surjective, choose a point A = (Aσ

i1
, Aσ

i1i2
, . . . , Aσ

i1i2···ir ) ∈ RN ; here we assume that
1 ≤ i1 ≤ i2 ≤ · · · ≤ ik ≤ n for every k = 1, 2, . . . , r . We extend the system A to
all sequences ( j1, j2, . . . , jk) putting Aσ

j1 j2··· jk
= Aσ

i1i2···ik
whenever ( j1, j2, . . . , jk) is a

permutation of (i1, i2, . . . , ik), and define a mapping g : Rn → Rm, g = (gσ ), by the
formula

(10)
gσ (x1, x2, . . . , xn) = yσ

0 + Aσ
j1
(x j1 − x j1

0 ) + 1

2!
Aσ

j1 j2
(x j1 − x j1

0 )(x j2 − x j2
0 )

+ · · · + 1

r !
Aσ

i1i2···ik
(x j1 − x j1

0 )(x j2 − x j2
0 ) · · · (x jr − x jr

0 ),

where x0 = (x j
O) = ϕ(x), y0 = (yσ

0 ) = ψ(y). Then ψ−1gϕ(x) = y. Putting

(11) f = ψ−1gϕ

we obtain a smooth mapping defined on a neighborhood of x , such that f (x) = y.
Therefore, Jr

x f ∈ Jr
(x,y)(X, Y ), and by (7), χ r

ϕ,ψ(Jr
x f ) = (Di1 gσ (x0), Di1 Di2 gσ (x0),

. . . , Di1 Di2 · · · Dik gσ (x0)) = A. This proves that χ r
ϕ,ψ is surjective and completes the

proof that it is bijective.
Let (U, ϕ), ϕ = (xi ), and (U , ϕ), ϕ = (xi ), be two charts at x and let (V, ψ), ψ =

(yσ ), and (V , ψ), ψ = (yσ ), be two charts at y. We have for every Jr
x f ∈ Jr

(x,y)(X, Y )

(12) yσ
i1i2···ik

(Jr
x f ) = Di1 Di2 · · · Dik (yσ f ϕ−1)(ϕ(x)).

Expressing the right-hand side as in (4), and using Section 1.1, Lemma 1, we obtain
a polynomial in yν

j1
(Jr

x f ), yν
j1 j2

(Jr
x f ), . . . , yν

j1 j2··· jk
(Jr

x f ). Since these polynomials are
components of the mapping χ r

ϕ,ψ ◦ (χ r
ϕ,ψ)−1, this mapping is smooth. This proves com-

patibility of the charts (Jr
(x,y)(X, Y ), χ r

ϕ,ψ), (Jr
(x,y)(X, Y ), χ r

ϕ,ψ
).

The chart (Jr
(x,y)(X, Y ), χ r

ϕ,ψ) is said to be associated with the pair of charts (U, ϕ),
(V, ψ).

Remark 1. The manifold topology on Jr
(x,y)(X, Y ) is the topology of the Euclidean

space RN .

Remark 2 (geometric interpretation of an r -jet). We denote

(13) Lr
n,m = Jr

(0,0)(R
n,Rm),

and define for every Jr
0 f ∈ Lr

n,m ,

(14) aσ
i1i2···ik

(Jr
x f ) = Di1 Di2 · · · Dik f σ (0),

where f = ( f σ ), 1 ≤ σ ≤ m, 1 ≤ k ≤ r, 1 ≤ i1 ≤ i2 ≤ · · · ≤ ik ≤ n. The real-valued
functions aσ

i1i2···ik
define a chart on Jr

(0,0)(R
n,Rm) (in this case ϕ = idRn , ψ = idRm ).

This chart, as well as its coordinate functions (14), are called canonical.
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Consider the product

(15) L(Rn,Rm) × L2
(s)(R

n,Rm) × · · · × Lr
(s)(R

n,Rm),

where L(Rn,Rm) is the vector space of linear mappings from Rn to Rm , and Lk
(s)(R

n ,
Rm) is the vector space of k-linear, symmetric mappings from Rn × Rn × · · · × Rn

(k factors) to Rm . Using the canonical bases of Rn and Rm , we can identify vectors
in L(Rn,Rm) (resp. Lk

(s)(R
n,Rm)) with their matrices (Aσ

i ) (resp. (Aσ
i1i2···ik

)), where
1 ≤ σ ≤ m, 1 ≤ i1, i2, . . . , ik ≤ n. The matrix (Aσ

i1i2···ik
) is symmetric in the subscripts,

so that the dimension of the vector space (15) is N (8).
Clearly, (15) carries canonical topological and smooth structures of a finite-dimen-

sional vector space.
Since Jr

(x,y)(X, Y ), Lr
n,m , and the vector space (15) are diffeomorphic with RN ,

they are all diffeomorphic. A diffeomorphism of Lr
n,m and the vector space (15) is

obtained by extending the set of canonical coordinates aσ
i1i2···ik

to all (not necessar-
ily non-decreasing) sequences ( j1, j2, . . . , jk) by putting aσ

j1 j2··· jk
= aσ

i1i2···ik
whenever

( j1, j2, . . . , jk) is a permutation of (i1, i2, . . . , ik). The diffeomorphism obtained in this
way is called the canonical identification, and gives us a geometric interpretation of the
r -jets belonging to the set Lr

n,m .

Let X and Y be smooth manifolds n = dim X, m = dim Y . We denote

(16)
J 0

x (X, Y ) = {x} × Y, J 0(X, Y ) = X × Y,

Jr
x (X, Y ) =

⋃
y∈Y

J r
(x,y)(X, Y ), Jr (X, Y ) =

⋃
x∈X

Jr
x (X, Y ), r ≤ 1.

For every Jr
x f ∈ Jr (X, Y ), P = Jr

x f , we set

(17) ρr,s(Jr
x f ) = J s

x f, 0 ≤ s ≤ r, µr (Jr
x f ) = x, νr (Jr

s f ) = f (x).

These formulas define the canonical r-jet projections ρr,s : Jr (X, Y ) → J s(X, Y ),
µr : Jr (X, Y ) → X , and νr : Jr (X, Y ) → Y . µr (resp. νr ) is sometimes called the
source (resp. target) projection. The r -jet projections restrict naturally to the subsets
Jr
(x,y)(X, Y ) and Jr

x (X, Y ) of Jr (X, Y ).
We introduce a Cr structure on the sets Jr

(x,y)(X, Y ), Jr
x (X, Y ), and Jr (X, Y ). Let

(U, ϕ), ϕ = (xi ), be a chart on X , and let (V, ψ), ψ = (yK ), be a chart on Y . We set

(18) W r = (ρr,0)−1(U × V ), χ r
ϕ,ψ = (

xi , yK , χ K
i1

, χ K
i1i2

, . . . , χ K
i1i2···ir

)
,

where 1 ≤ k ≤ r, 1 ≤ K ≤ m, 1 ≤ i1 ≤ i2 ≤ · · · ≤ ik ≤ n, and χ K
i1i2···ik

are real-valued
functions on W r defined by

(19) χ K
i1i2···ik

(Jr
x f ) = Di1 Di2 · · · Dik (yK f ϕ−1)(ϕ(x)).

Clearly, χ r
ϕ,ψ is a mapping of W r into ϕ(U ) × ψ(V ) × RN , where

(20) N = m

((
n

1

)
+

(
n + 1

2

)
+ · · · +

(
n + r − 1

r

))
= m

((
n + r

n

)
− 1

)
.

Sometimes it is convenient to use an alternative notation. If I = {i1, i2, . . . , ik} is a
set of positive integers such that 1 ≤ i1, i2, . . . , ik ≤ n, we denote

(21) χ K
I (Jr

x f ) = DI (yK f ϕ−1)(ϕ(x)).

where DI = Di1 Di2 · · · Dik (see Section 1.1). Then in components, χ r
ϕ,ψ =(xi , yK , χ K

I ).
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Lemma 3. Let X and Y be smooth manifolds.
(a) There exists one and only one smooth structure on Jr (X, Y ) such that for every

chart (U, ϕ) on X and every chart (V, ψ) on Y, (W r , χ r
ϕ,ψ) is a chart on Jr (X, Y ). In

this smooth structure, the r-jet projections are smooth surjective submersions.
(b) For every x ∈ X, the set J r

x (X, Y ) is a submanifold of J r (X, Y ). If (U, ϕ) is a
chart at x, and (V, ψ) is a chart on Y , then the chart (W r , χ r

ϕ,ψ) is adapted to Jr
x (X, Y ).

(c) For every (x, y) ∈ X × Y , the set J r
(x,y)(X, Y ) is a submanifold of J r (X, Y ). If

(U, ϕ) is a chart at x, and (V, ψ) is a chart at y, then the chart (W r , χ r
ϕ,ψ) is adapted

to Jr
(x,y)(X, Y ).

Proof. (a) First we show that χ r
ϕ,ψ is a bijection. It follows immediately from the

definition of an r -jet that χ r
ϕ,ψ is injective. To show that it is surjective, choose x0 ∈

ϕ(U ), y0 ∈ ψ(V ), and a point P = (P K
i1

, P K
i1i2

, . . . , P K
i1i2···ir ) ∈ RN ; here 1 ≤ i1 ≤ i2 ≤

· · · ≤ ik ≤ n for every k = 1, 2, . . . , r . We extend P to all sequences ( j1, j2, . . . , jk)
putting P K

j1 j2··· jk
= P K

i1i2···ik
whenever ( j1, j2, . . . , jk) is a permutation of (i1, i2, . . . , ik),

and define a mapping g : Rn → Rm, g = (gK ), by the formula

(22)
gK (x1, x2, . . . , xn) = yK

0 + Pσ
j1
(x j1 − x j1

0 ) + 1

2!
P K

j1 j2
(x j1 − x j1

0 )(x j2 − x j2
0 )

+ · · · + 1

r !
P K

i1i2···ik
(x j1 − x j1

0 )(x j2 − x j2
0 ) · · · (x jr − x jr

0 )

where x0 = (x j
0 ), y0 = (yK

0 ). Then x = ϕ−1(x0) ∈ U, y = ψ−1(y0) ∈ V , and
g(x0) = y0. Putting f = ψ−1gϕ, we obtain a smooth mapping defined on a neighbor-
hood of x , such that f (x) = y. Since the chart expression of f satisfies ψ f ϕ−1 = g,
we have

(23)

χ r
ϕ,ψ(Jr

x f ) = (
xi (x), yK (y), Di1 gK (x0), Di1 Di2 gK (x0),

. . . , Di1 Di2 · · · Dik gK (x0)
)

= (
xi

0, yK
0 , P K

i1
, P K

i1i2
, . . . , P K

i1i2···ir
)
.

This proves that χ r
ϕ,ψ is surjective and completes the proof that it is bijective.

Let (U, ϕ), ϕ = (xi ), and (U , ϕ), ϕ = (xi ), be two charts on X such that U ∩U �= ∅,
and let (V, ψ), ψ = (yK ), and (V , ψ), ψ = (yK ) be two charts at on Y such that
V ∩ V �= ∅. Define (W r , χ r

ϕ,ψ
), χ r

ϕ,ψ
= (xi , yK , χ K

i1i2···ik
) by (18) and (19). We have for

every Jr
x f ∈ W r ∩ W r

(24)
χ K

i1i2···ik
(Jr

x f ) = Di1 Di2 · · · Dik (yK f ϕ−1)(ϕ(x))

= Di1 Di2 · · · Dik (yK ψ−1 ◦ ψ f ϕ−1 ◦ ϕϕ−1)(ϕ(x)).

Using the higher order chain rule (Section 1.1, Lemma 1), we obtain χ K
i1i2···ik

(Jr
x f )

as a polynomial in χ L
j1
(Jr

x f ), χ L
j1 j2

(Jr
x f ), . . . , χ L

j1 j2··· jk
(Jr

x f ). Since these polynomials
are components of the mapping χ r

ϕ,ψ ◦ (χ r
ϕ,ψ)−1, this mapping is smooth. This proves

compatibility of the charts (W r , χ r
ϕ,ψ), (W r , χ r

ϕ,ψ).
It is immediately seen that the jet projections (17) are expressed in the charts

(W r , χ r
ϕ,ψ) as the Cartesian projections. This shows that the jet projections are smooth.

(b) The set W r ∩ Jr
x (X, Y ) is expressed by equations of the form xi = ai , where

ai ∈ R are some constants. This proves (b).
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(c) The set W r ∩Jr
(xy)(X, Y ) is expressed by equations of the form xi = ai , yK = bK ,

where ai , bK ∈ R are some constants. This proves (c).

The chart (W r , χ r
ϕ,ψ) is said to be associated with the charts (U, ϕ), (V, ψ).

Remark 3. Note that we have some canonical identifications. The r -jet Jr
ϕ(x)ψ f ϕ−1

is by definition the equivalence class expressed in the canonical coordinates on Rn

and Rn+m by the collection of real numbers xi (x), yK ( f (x)) D j1(yK f ϕ−1)(ϕ(x)),
D j1 D j2(yK f ϕ−1)(ϕ(x)), . . . , D j1 D j2 · · · D jk (yν f ϕ−1)(ϕ(x)), i.e., by the same collec-
tion as Jr

x f in the associated chart (W r , χ r
ϕ,ψ). Thus, we have

(25) χ r
ϕ,ψ(Jr

x f ) = Jr
ϕ(x)ψ f ϕ−1.

Let X and Y be smooth manifolds, W ⊂ X an open set, and f : W → Y a smooth
mapping. Setting

(26) Jr f (x) = Jr
x f

we define a mapping Jr f : W → Jr (X, Y ). This mapping is called the r -jet prolonga-
tion, or simply the jet prolongation of f .

Let (U, ϕ), ϕ = (xi ) (resp. (V, ψ), ψ = (yK )) be a chart at x (resp. at y = f (x)),
and let (W r , χ r

ϕ,ψ) be the associated chart on Jr (X, Y ). Then Jr f is expressed by

(27)
(χ r

ϕ,ψ ◦ Jr f ◦ ϕ−1)(x ′)

= (
x, (yK f ϕ−1)(x ′), Di1 Di2 · · · Dik (yK f ϕ−1)(x ′)

)
,

and is therefore smooth.

1.3. The composition of jets. Let X, Y , and Z be three real, finite-dimensional
smooth manifolds. We say that r -jets P ∈ Jr

(x,u)(X, Y ), Q ∈ Jr
(y,z)(Y, Z) are com-

posable, if any representatives of P and Q are composable (as mappings). Clearly, P
and Q are composable if and only if the target of P coincides with the source of Q, i.e.,
if u = y.

Let P (resp. Q) be represented by f (resp. g), i.e., P = Jr
x f, Q = Jr

y g. Assume
that P, Q are composable. Shrinking the domain of definition of f if necessary, we may
assume that the composed mapping g ◦ f is defined. Then also the r -jet Jr

x (g ◦ f ) is
defined. It is easy to determine the coordinates of Jr

x (g ◦ f ) in terms of the coordinates
of P and Q.

Let (U, ϕ), ϕ = (xi ) (resp. (V, ψ), ψ = (yσ ), resp. (W, η), η = (z A)) be a chart at x
(resp. y = f (x), resp. z = g(y)). We have in the chart (Jr

(x,z)(X, Z), χ r
ϕ,η), χ

r
ϕ,η(Jr

x (g ◦
f )) = (wA

i1i2···ik
) (Section 1.2, Lemma 2),

(1)
χ r

ϕ,η(Jr
x (g ◦ f )) = (

Di1(z
Ag f ϕ−1)(ϕ(x)), Di1 Di2(z

Ag f ϕ−1)(ϕ(x)),

. . . , Di1 Di2 · · · Dir (z
Ag f ϕ−1)(ϕ(x))

)
,

i.e., for every k = 1, 2, . . . , r ,

(2)
wA

i1i2···ik
(Jr

x (g ◦ f )) = Di1 Di2 · · · Dik (z
Ag f ϕ−1)(ϕ(x))

= Di1 Di2 · · · Dik (z
Agψ−1 ◦ ψ f ϕ−1)(ϕ(x)).
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We apply the higher order chain rule to this expression (Section 1.1, Lemma 1). Denote
the corresponding associated charts by (Jr

(x,y)(X, Y ), χ r
ϕ,ψ), χ r

ϕ,ψ(Jr
x f ) = (yσ

i1i2···ik
)

(Jr
(y,z)(Y, Z), χ r

ψ,η), χ
r
ψ,η(Jr

x g) = (z A
σ1σ2···σk

). Then

(3)

wA
i1i2···is

(
Jr

x (g ◦ f )
)

=
s∑

k=1

∑
(I1,I2,...,Ik )

z A
σ1σ2···σk

(Jr
x g)yσk

Ik
(Jr

x f ) · · · yσ2
I2

(Jr
x f )yσ1

I1
(Jr

x f ),

i.e., with obvious simplification,

(4) wA
i1i2···is

=
s∑

k=1

∑
(I1,I2,...,Ik )

z A
σ1σ2···σk

yσk
Ik

· · · yσ2
I2

yσ1
I1

.

Now by Section 1.2, (2), if Jr
y g = Jr

y g′ and Jr
x f = Jr

x f ′, then Jr
x (g◦ f ) = Jr

x (g′◦ f ′)
which means that the r -jet Jr

x (g ◦ f ) depends on P and Q only.
If P and Q are composable r -jets, P = Jr

x f, Q = Jr
y g, we define

(5) Q ◦ P = Jr
x (g ◦ f )

and call the r -jet Q ◦ P the composite of P and Q. The mapping (P, Q) → Q ◦ P of
Jr
(x,y)(X, Y ) × Jr

(y,z)(Y, Z) into Jr
(x,z)(X, Z) where y = f (x), z = g(y), is called the

composition of r -jets. The composition of r -jets is associative.
Equation (3), or (4), is the r -jet composition formula.
In particular, we have the following result.

Lemma 4. The composition of r-jets is smooth.

Proof. By (3), the coordinates of the r -jet Q ◦ P depend polynomially on the coor-
dinates of the r -jets P, Q.

1.4. Regular jets, invertible jets. Let idX (resp. idY ) be the identity mapping of
a manifold X (resp. Y ), x ∈ X (resp. y ∈ Y ) a point. Then Jr

x idX ∈ Jr
(x,x)(X, X)

and Jr
y idY ∈ Jr

(y,y)(Y, Y ). For any r -jet P ∈ Jr
(x,y)(X, Y ), P = Jr

x f , the composites
Jr

y idY ◦P = Jr
y idY ◦Jr

x f, P ◦ Jr
x idX = Jr

x f ◦ Jr
x idX , are defined, and

(1) Jr
y idY ◦P = P, P ◦ Jr

x idX = P.

An r -jet P ∈ Jr
(x,y)(X, Y ) is called regular, if there exists an r -jet Q ∈ Jr

(y,x)(Y, X),
such that

(2) Q ◦ P = Jr
x idX .

P is called invertible, if there exists Q ∈ Jr
(y,x)(Y, X) such that

(3) Q ◦ P = Jr
x idX , P ◦ Q = Jr

y idY .

Lemma 5. (a) An r-jet P ∈ Jr
(x,y)(X, Y ) is regular if and only if every of its repre-

sentatives is an immersion at the point x.
(b) An r-jet P ∈ Jr

(x,y)(X, Y ) is invertible if and only if every of its representatives is
a diffeomorphism on a neighborhood of x.
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Proof. (a) Let f be a representative of an r -jet P = Jr
x f . Assume that we have an

r -jet Q = Jr
y g satisfying (2), and its representative g. Then the mappings g ◦ f and idX

represent the same r -jet with source and target x , and we have for any chart (U, ϕ) at x
and any chart (V, ψ) at y

(4) D1(ϕg f ϕ−1)(ϕ(x)) = D1(ϕgψ−1)(ψ f (x)) ◦ D1(ψ f ϕ−1)(ϕ(x)) = idRn .

In particular, rank D1(ϕg f ϕ−1)(ϕ(x)) = n which is the dimension of the image of the
linear mapping D1(ϕg f ϕ−1)(ϕ(x)) : Rn → Rn . This implies that rank D1(ψ f ϕ−1)

(ϕ(x)) must be equal to n. Therefore, f is an immersion at x , by the rank theorem.
Conversely, if a representative f of P is an immersion at x , then we apply the rank
theorem again.

(b) If P is invertible we easily find, using similar arguments, that dim Y = m must
be equal to dim X = n, and then we apply the rank theorem. The converse is obvious.

The set of regular r -jets in Jr
(x,y)(X, Y ), is denoted by imm Jr

(x,y)(X, Y ); it is an
open subset of Jr

(x,y)(X, Y ). Obviously, using continuity of the determinant function we
easily show that the set W of points (wσ

i1
, wσ

i1i2
, . . . , wσ

i1i2···ir ) ∈ RN such that the matrix
(wν

j ) is of maximal rank n, is open in RN . Then using a chart (U, ϕ), ϕ = (xi ), at x ,
a chart (V, ψ), ψ = (yσ ), at y, and the associated chart (Jr

(x,y)(X, Y ), χ r
ϕ,ψ), χ r

ϕ,ψ =
(yσ

i1
, yσ

i1i2
, . . . , yσ

i1i2···ir ) on Jr
(x,y)(X, Y ), we obtain the set imm Jr

(x,y)(X, Y ) as the inverse
image of W by the continuous mapping χ r

ϕ,ψ .
imm Jr

(x,y)(X, Y ) �= ∅ if and only if dim X = n ≤ dim Y = m.
If n = m, then the set imm Jr

(x,y)(X, Y ) consists of invertible r -jets. Conversely,
if the set imm Jr

(x,y)(X, Y ) contains an invertible r -jet, then the points x and y have
neighborhoods of the same dimension.

2. Jet manifolds

2.1. Differential groups. Let r, n be positive integers. We denote

(1) Lr
n = imm Jr

(0,0)(R
n,Rn).

Thus, Lr
n is the set of invertible r -jets in the jet manifold Jr

(0,0)(R
n,Rn). Restricting the

canonical coordinates ai
j1 j2··· jk

on Jr
(0,0)(R

n,Rn) (Section 1.2, (14)) to Lr
n we obtain the

canonical coordinates on Lr
n

(2) ai
j1 j2··· jk (Jr

x α) = D j1 D j2 · · · D jk α
i (0),

where α = (αi ), 1 ≤ i ≤ n, 1 ≤ k ≤ r, 1 ≤ j1 ≤ j2 ≤ · · · ≤ jk ≤ n. In these
coordinates Lr

n = {Jr
0 α ∈ Jr

(0,0)(R
n,Rn)| det ai

j (Jr
0 α) �= 0}.

The canonical coordinates (2) will be also written by means of the convention in-
troduced in Section 1.2, (9). Namely, if I = {i1, i2, . . . , ik} is a set of positive integers
such that 1 ≤ i1, i2, . . . , ik ≤ n, we also write

(3) ai
I = ai

j1 j2··· jk .

The composition of jets (see Section 1.3, (5)) defines an operation

(4) Lr
n × Lr

n � (A, B) → A ◦ B ∈ Lr
n
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on the set Lr
n . This operation is associative, the r -jet Jr

0 idRn ∈ Lr
n is the unity, and every

r -jet A ∈ Lr
n, A = Jr

0 α has a unique inverse A−1 = Jr
0 α−1. Thus, (4) defines a group

structure on Lr
n . Since the composition of r -jets is smooth (Section 1.3, Lemma 3), Lr

n
is a Lie group. We call this Lie group the r -th differential group of Rn , or simply a
differential group. From Section 1.2, (8) we derive that

(5) dim Lr
n = n

((
n + r

n

)
− 1

)
.

Note that L1
n can be cannonically identified with the general linear group GLn(R).

Using the r -jet composition formula (Section 1.3, (4)) and the canonical coordinates
(2), (3), we can describe the group operation (4) explicitly. If A, B ∈ Lr

n, A = Jr
0 α,

B = Jr
0 β, and C = A ◦ B = Jr

0 (α ◦ β), and ak
i1i2···is

= ak
i1i2···is

(Jr
0 α), bk

i1i2···is
= ak

i1i2···is

(Jr
0 β), ck

i1i2···is
= ak

i1i2···is
(Jr

0 (α ◦ β)), then

(6) ck
i1i2...is

=
s∑

p=1

∑
(I1,I2,...,Ip)

ak
j1 j2... jp

b j1
I1

b j2
I2

· · · b
jp

Ip
,

where the second sum is extended to all partitions (I1, I2, . . . , Ip) of the set (i1, i2,
. . . , is).

Example 1 (group operation in L3
n). In applications explicit chart expressions for

group operation in differential groups are needed. Using the definition, we derive the
corresponding formulas for the group L3

n in the canonical coordinates. Let A, B ∈ L3
n

be two 3-jets. Let U, V, W ⊂ Rn be three neighborhoods of the origin 0 ∈ Rn, α :
U → V, β : V → W two diffeomorphisms such that A = J 3

0 α, B = J 3
0 β. Denote by

(xi ) the canonical coordinates on Rn (as well as on U , V , and W ). Write in components
α = (xiα), β = (xiβ), and consider the diffeomorphism γ = β ◦ α of U into W , γ =
(xiγ ). Then the product of A and B in L3

n is the 3-jet C = J 3
0 γ . To obtain the canonical

coordinates of C we should compute all partial derivatives of the components of γ up to
the 3-rd order at the point 0 ∈ Rn . Differentiating components of this diffeomorphism
at a point x ∈ U , we obtain

(7)

D j1(xiγ )(x) = D j1(xiβ ◦ α)(x)

= Dk(xiβ)(α(x))D j1(xkα)(x),

D j2 D j1(xiγ )(x) = D j2 D j1(xiβ ◦ α)(x)

= Dk2 Dk1(xiβ)(α(x))D j2(xk2α)(x)D j1(xk1α)(x)

+ Dk(xiβ)(α(x))D j2 D j1(xkα)(x),

D j3 D j2 D j1(xiγ )(x) = D j3 D j2 D j1(xiβ ◦ α)(x)

= Dk3 Dk2 Dk1(xiβ)(α(x))D j3(xk3α)(x)D j2(xk2α)(x)D j1(xk1α)(x)

+ Dk2 Dk1(xiβ)(α(x))D j3 D j2(xk2α)(x)D j1(xk1α)(x)

+ Dk2 Dk1(xiβ)(α(x))D j2(xk2α)(x)D j3 D j1(xk1α)(x)

+ Dk2 Dk1(xiβ)(α(x))D j3(xk2α)(x)D j2 D j1(xk1α)(x)

+ Dk(xiβ)(α(x))D j3 D j2 D j1(xkα)(x).
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Substituting x = α(x) = 0, we get

(8)

D j1(xiγ )(0) = Dk(xiβ)(0)D j1(xkα)(0),

D j2 D j1(xiγ )(0) = Dk2 Dk1(xiβ)(0)D j2(xk2α)(0)D j1(xk1α)(0)

+ Dk(xiβ)(0)D j2 D j1(xkα)(0),

D j3 D j2 D j1(xiγ )(0)

= Dk3 Dk2 Dk1(xiβ)(0) · D j3(xk3α)(0) · D j2(xk2α)(0) · D j1(xk1α)(0)

+ Dk2 Dk1(xiβ)(0) · D j3 D j2(xk2α)(0) · D j1(xk1α)(0)

+ Dk2 Dk1(xiβ)(0) · D j2(xk2α)(0) · D j3 D j1(xk1α)(0)

+ Dk2 Dk1(xiβ)(0) · D j3(xk2α)(0) · D j2 D j1(xk1α)(0)

+ Dk(xiβ)(0) · D j3 D j2 D j1(xkα)(0),

or, which is the same,

(9)

ai
j1
(J 3

0 γ ) = ai
k(J 3

0 β) · ak
j1
(J 3

0 α),

ai
j2 j1

(J 3
0 γ ) = ai

k2k1
(J 3

0 β) · ak2
j2
(J 3

0 α) · ak1
j1
(J 3

0 α)

+ ai
k(J 3

0 β) · ak
j2 j1

(J 3
0 α),

ai
j3 j2 j1

(J 3
0 γ ) = ai

k3k2k1
(J 3

0 β) · ak3
j3
(J 3

0 α) · ak2
j2
(J 3

0 α) · ak1
j1
(J 3

0 α)

+ ai
k2k1

(J 3
0 β) · ak2

j3 j2
(J 3

0 α) · ak1
j1
(J 3

0 α)

+ ai
k2k1

(J 3
0 β) · ak2

j2
(J 3

0 α) · ak1
j3 j1

(J 3
0 α)

+ ai
k2k1

(J 3
0 β) · ak2

j3
(J 3

0 α) · ak1
j2 j1

(J 3
0 α) + ai

k(J 3
0 β) · ak

j3 j2 j1
(J 3

0 α).

We usually abbreviate these formulas by writing

(10)

ci
j1

= bi
kak

j1
,

ci
j2 j1

= bi
k2k1

ak2
j2

ak1
j1

+ bi
kak

j2 j1
,

ci
j3 j2 j1

= bi
k3k2k1

ak3
j3

ak2
j2

ak1
j1

+ bi
k2k1

ak2
j3 j2

ak1
j1

+ bi
k2k1

ak2
j2

ak1
j3 j1

+ bi
k2k1

ak2
j3

ak1
j2 j1

+ bi
kak

j3 j2 j1

with obvious meaning of the symbols. These formulas represent equations of the group
operation in the differential group L3

n in canonical coordinates.
Now we compute the chart expression of the mapping L3

n � A → A−1 ∈ L3
n . We

take in (10) B = A−1, C = J 3
0 idRn . Then

(11) ci
j1

= δi
j1
, ci

j1 j2
= 0, ci

j1 j2 j3
= 0,

and equations (10) reduce to

(12)

bi
kak

j1
= δi

j1
,

bi
k2k1

ak2
j2

ak1
j1

+ bi
kak

j2 j1
= 0,

bi
k3k2k1

ak3
j3

ak2
j2

ak1
j1

+ bi
k2k1

ak2
j3 j2

ak1
j1

+ bi
k2k1

ak2
j2

ak1
j3 j1

+ bi
k2k1

ak2
j3

ak1
j2 j1

+ bi
kak

j3 j2 j1
= 0.
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The first equation determines bi
k as elements of the inverse matrix to the matrix (ak

j ).
Using this fact we get

(13)

bi
kak

j1
= δi

j1
,

bi
p2 p1

= −ak
j2 j1

bi
kb j2

p2
b j1

p1
,

bi
p3 p2 p1

= −(
bi

k2k1
(ak1

j1
ak2

j3 j2
+ ak2

j2
ak1

j3 j1
+ ak2

j3
ak1

j2 j1
) + bi

kak
j3 j2 j1

)
b j3

p3
b j2

p2
b j1

p1
,

where it is assumed that we substitute for bi
k from the first equation into the second

and the third ones, and then for bi
k2k1

from the second equation into the third one. We
conclude that the mapping A → A−1, expressed in canonical coordinates by (13), is
represented by rational functions.

Remark 1. Sometimes it is useful to use the second canonical coordinates on Lr
n ,

defined by

(14) bi
j1 j2··· jk (A) = ai

j1 j2··· jk (A−1),

where 1 ≤ i ≤ n, 1 ≤ k ≤ r, 1 ≤ j1 ≤ j2 ≤ · · · ≤ jk ≤ n.

2.2. Velocities. Throughout this section, m, n ≥ 1 and r ≥ 0 are integers, and Y is a
smooth manifold of dimension n + m.

By an n-velocity of order r at a point y ∈ Y we mean an r -jet P ∈ Jr
(0,y)(R

n, Y ),
P = Jr

0 ζ . When there is no danger of confusion, we omit n and r , and speak simply of
a velocity. We denote

(1) T r
n Y =

⋃
y∈Y

J r
(0,y)(R

n, Y ),

and define surjective mappings τ r,s
n : T r

n Y → T s
n Y , where 0 ≤ s ≤ r , by

(2) τ r,s
n (Jr

0 ζ ) = J s
0 ζ.

The set T r
n Y is endowed with a right action of the differential group Lr

n , defined by the
jet composition

(3) T r
n Y × Lr

n � (P, A) → P ◦ A ∈ T r
n Y.

This action is said to be canonical.
Let (V, ψ), ψ = (yK ), be a chart on Y . We set

(4) V r
n = (τ r,0

n )−1(V ), ψr
n = (

yK , yK
i1

, yK
i1i2

, . . . , yK
i1i2···ir

)
,

where 1 ≤ K ≤ n + m, 1 ≤ i1 ≤ i2 ≤ · · · ≤ ir ≤ n, and for every P ∈ V r
n , P = Jr

0 ζ ,

(5) yK
i1i2···ik

(P) = Di1 Di2 · · · Dik (yK ζ )(0),

where 0 ≤ k ≤ r .
Note that formula (5) can be written in a slightly different way. To this purpose we

denote by trξ : Rn+m → Rn+m the translation sending a vector ξ ∈ Rn+m to the origin
0 ∈ Rn+m . By definition,

(6) trξ (x) = x − ξ.
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Now writing in components trξ = (trK
ξ ), we have

(7) yK
j1 j2··· js (P) = D j1 D j2 · · · D js (tr

K
ψζ(0) ψζ )(0).

In the following theorem we use the set of r -jets Lr
n,m = Jr

(0,0)(R
n,Rm) with source

at 0 ∈ Rn and target at 0 ∈ Rm (Section 1.2, Remark 2). Elements of this set are called
standard n-velocities of order r in Rm .

Theorem 1. Let m, n ≥ 1 and r ≥ 0 be integers, and let Y be a smooth manifold of
dimension n + m.

There exists one and only one smooth structure on T r
n Y such that for any chart

(V, ψ), ψ = (yK ), on Y , the pair (V r
n , ψr

n ), ψr
n = (yK , yK

i1
, yK

i1i2
, . . . , yK

i1i2···ir ), is a
chart on T r

n Y . The dimension of T r
n Y is given by

(8) N = (n + m)

(
n + r

n

)
.

In this smooth structure, the canonical right action of Lr
n on T r

n Y is smooth, and T r
n Y is

a fibration with base Y , projection τ r,0
n , and fiber Lr

n,n+m.

Proof. Using (7) we can see at once that ψr
n is a bijection of V r

n onto the open
set ψ(V ) × Lr

n,n+m ⊂ Rn+m × RN , where N is determined by Section 1.2, (8).
Thus, (V r

n , ψr
n ) is a chart on T r

n Y . Let (V, ψ), ψ = (yK ), and (V , ψ), ψ = (yK ),
be two charts on Y such that V ∩ V �= ∅. Using the higher order chain rule (Sec-
tion 1.1, Lemma 1), it is easy to see that the corresponding coordinate transformation
from (V r

n , ψr
n ) to (V r

n, ψ
r
n) is polynomial in the coordinates yK

i1
, yK

i1i2
, . . . , yK

i1i2···ir hence
smooth.

Therefore, the charts (V r
n , ψr

n ), (V r
n, ψ

r
n) are compatible.

Since the equations of the mapping τ r,s
n : T r

n Y → T s
n Y in terms of the charts

(V r
n , ψr

n ), (V s
n , ψ s

n) are given by

(9) yK
i1i2···ik

◦ τ r,s
n = yK

i1i2···ik
,

where 0 ≤ k ≤ s, τ r,s
n is a submersion.

The smoothness of the right action follows from the polynomiality of the composi-
tion of jets (Section 1.3, (3)).

The set T r
n Y endowed with the smooth structure defined in Theorem 1, and with the

canonical right action (3) of Lr
n is called the manifold of n-velocities of order r over Y .

The chart (V r
n , ψr

n ) on T r
n Y is said to be associated with the chart (V, ψ).

The canonical group action (3) can be easily determined in the canonical coordinates
ai

j1 j2··· jk
on Lr

n (Section 2.1, (2), (3)), and in a chart (V, ψ), ψ = (yK ), on Y . Using the
associated chart (V r

n , ψr
n ), (3) is expressed by the equations

(10) yK = yK , yK
i1i2···is

=
s∑

p=1

∑
(I1,I2,...,Ip)

yK
j1 j2··· jp

a j1
I1

a j2
I2

· · · a
jp

Ip
,

where the second sum is extended to all partitions (I1, I2, . . . , Ip) of the set (i1, i2, . . .,
is) (see Section 1.3, (4)).

Example 2 (the action of L2
n on T 2

n Y ). In our standard notation, let P = J 2
0 ζ, A =

J 2
0 α. By (3), we consider the mapping t → (yK ζ ◦ α)(t).
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Since

Di (yK ζ ◦ α)(t) = Dk(yK ζ )(α(t))Diα
k(t),

Di D j (yK ζ ◦ α)(t) = Dl Dk(yK ζ )(α(t))D jα
l(t)Diα

k(t)

+ Dk(yK ζ )(α(t))Di D jα
k(t),

we have the following equations of the action of L2
n on T 2

n Y

yK = yK , yK
i = yK

k ak
i , yK

i j = yK
kl ak

i al
j + yK

k ak
i j .

It is clear from these formulas how to obtain equations of the action of Lr
n on T r

n Y by a
process of a formal differentiation.

Let γ be a smooth mapping of an open set U ⊂ Rn into Y . Then for any t ∈ U , the
mapping x → γ ◦ tr−t(x) is defined on a neighborhood of the origin 0 ∈ Rn so that the
r -jet Jr

0 (γ ◦ tr−t) is defined. The mapping

(11) U � t → (T r
n γ )(t) = Jr

0 (γ ◦ tr−t) ∈ T r
n Y

is called the r-prolongation, or simply the prolongation of γ (for terminology, com-
pare with Section 1.2). Since yK

i1i2···ik
◦ T r

n γ (t) = Di1 Di2 · · · Dik (yK (γ ◦ tr−t))(0) and
Di (yK (γ ◦ tr−t))(x) = Di (yK γ )(x + t), we get for the chart expression of (11)

(12) (yK
i1i2···ik

◦ T r
n γ )(t) = Di1 Di2 · · · Dik (yK γ )(t).

In particular, T r
n γ is a smooth mapping.

Assume that we have an element P ∈ T r
n Y, P = Jr

0 ζ . A representative ζ of P
defines the tangent mapping T0T r−1

n ζ , which sends a tangent vector ξ ∈ T0Rn to the
tangent vector T0T r−1

n ζ · ξ of T r−1
n Y at τ r,r−1

n (P) = Jr−1
0 ζ . If ξ = ξ i (∂/∂t i )0, then

by (12),

(13)

T0T r−1
n ζ · ξ =

r−1∑
k=0

∑
i1≤i2≤···≤ik

(
∂(yK

i1i2···ik
◦ T r−1

n ζ )

∂t i

)
0

ξ i

(
∂

∂yK
i1i2···ik

)
Jr−1

0 ζ

=
r−1∑
k=0

∑
i1≤i2≤···≤ik

yK
i1i2···ik i (Jr

0 ζ ) ξ i

(
∂

∂yK
i1i2···ik

)
Jr−1

0 ζ

= ξ i di (P),

where

(14) di =
r−1∑
k=0

∑
i1≤i2≤···≤ik

yK
i1i2···ik i

∂

∂yK
i1i2···ik

is a morphism T r
n � P → di (P) ∈ T T r−1

n Y over T r−1
n Y . Indeed, the tangent vectors

di (P) are defined independently of the chosen chart: If (V , ψ), ψ = (yK ), is some
other chart at y = ζ(0), then

(15) di =
r−1∑
k=0

∑
j1≤ j2≤···≤ jk

yK
j1 j2··· jk i

∂

∂ yK
j1 j2··· jk

,
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and by (13),

(16) di = di .

di is called the i -th formal derivative morphism.

Remark 2. In (14), ∂/∂yK
i1i2···ik

are understood as tangent vectors to T r−1
n Y . Formula

(14) does not define a vector field on T r
n Y since it is not invariant when the tangent

vectors ∂/∂yK
i1i2···ik

are subject to coordinate transformations on T r
n Y .

Let f : V r−1
n → R be a smooth function. We define the i -th formal derivative

di f : V r
n → R by

(17) di f =
r−1∑
k=0

∑
j1≤ j2≤···≤ jk

yK
j1 j2··· jk i

∂ f

∂yK
j1 j2··· jk

.

Then by (12)

(18)

Dp( f ◦ T r−1
n γ )(t)

=
r−1∑
k=0

∑
j1≤ j2≤···≤ jk

(
∂( f ◦ T r−1

n γ )

∂yK
j1 j2··· jk

)
(T r−1

n γ )(t)

Dp
(
yK

j1 j2··· jk ◦ T r−1
n γ

)
(t)

=
r−1∑
k=0

∑
j1≤ j2≤···≤ jk

(
∂( f ◦ (ψr

n )−1)

∂yK
j1 j2··· jk

)
(T r−1

n γ )(t)

Dp D j1 D j2 · · · D jk (yK γ )(t)

=
r−1∑
k=0

∑
j1≤ j2≤···≤ jk

(
yK

j1 j2··· jk p(T r
n γ )(t)

) (
∂( f ◦ (ψr−1

n )−1)

∂yK
j1 j2··· jk

)
(T r−1

n γ )(t)

= (dp f ◦ T r
n γ )(t),

i.e.,

(19) dp f ◦ T r
n γ = Dp( f ◦ T r−1

n γ ).

In particular, Dq Dp( f ◦ T r−1
n γ ) = Dq(dp f ◦ T r

n γ ) = dqdp f ◦ T r+1
n γ , i.e.,

(20) dqdp f = dpdq f.

Note that if we take f = y A
j1 j2··· jk

in (17), we get

(21) di y A
j1 j2··· jk = y A

j1 j2··· jk i .

Our aim now will be to derive explicit transformation formulas between the induced
charts on T r

n Y . Let us write the transformation equations from (V, ψ) to (V , ψ) in the
form

(22) yK = F K (yL).

We wish to determine the functions F K
i1

, F K
i1i2

, . . . , F K
i1i2···ir defining the corresponding

transformation

(23) yK
i1i2···ik

= F K
i1i2···ik

(
yL , yL

j1
, yL

j1 j2
, . . . , yL

j1 j2··· jk

)
, 1 ≤ k ≤ r,
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from (V r
n , ψr

n ) to (V r
n, ψ

r
n).

Note that by (21) and (16),

(24) yK
j1 j2··· jk jk+1

= d jk+1 yK
j1 j2··· jk = d jk+1 yK

j1 j2··· jk = · · · = d jk+1 · · · d j2d j1 yK .

This formula may be applied whenever the transformation rules (22) for the coordinate
transformations on Y are known.

Lemma 1. The following formula holds

(25) F K
i1i2···is

=
s∑

p=1

∑
(I1,I2,···,Ip)

yL1
I1

yL2
I2

· · · y
L p

Ip

∂ p F K

∂yL1∂yL2 · · · ∂yL p
,

where the second summation is extended over all partitions (I1, I2, . . . , Ip) of the set
(i1, i2, . . . , is).

Proof. We proceed by induction.
1. First consider the case r = 1. We have V 1

n = (τ 1,0
n )−1(V ) and ψ1

n = (yK , yK
i )

where 1 ≤ K ≤ n + m, 1 ≤ i ≤ n, and by definition,

(26) yK (J 1
0 ζ ) = yK (ζ(0)), yK

i (J 1
0 ζ ) = Di (yK ζ )(0).

Obviously,

(27) yK = F K (yL), yK
i = ∂ F K

∂yL yL
i

on V 1
n ∩ V 1

n or, which is the same, F K
i1

= di1 F K .
2. Now assume that s > 1, and

(28) F K
i1i2···is−1

=
s−1∑
p=1

∑
(I1,I2,...,Ip)

yL1
I1

yL2
I2

· · · y
L p

Ip

∂ p F K

∂yL1∂yL2 · · · ∂yL p
.

Then by (21)

(29)

F K
i1i2···is−1is

= dis F K
i1i2···is−1

=
s−1∑
p=1

∑
(I1,I2,...,Ip)

(
dis yL1

I1
yL2

I2
· · · y

L p

Ip
+ yL1

I1
dis yL2

I2
· · · y

L p

Ip
+ · · · + yL1

I1
yL2

I2
· · · dis y

L p

Ip

)

· ∂ p F K

∂yL1∂yL2 · · · ∂yL p
+

s−1∑
p=1

∑
(I1,I2,...,Ip)

yL1
I1

yL2
I2

· · · y
L p

Ip
dis

∂ p F K

∂yL1∂yL2 · · · ∂yL p

=
s−1∑
p=1

∑
(I1,I2,...,Ip)

(
yL1

I1is
yL2

I2
· · · y

L p

Ip
+ yL1

I1
yL2

I2is
· · · y

L p

Ip
+ · · · + yL1

I1
yL2

I2
· · · y

L p

Ipis

)

· ∂ p F K

∂yL1∂yL2 · · · ∂yL p
+

s−1∑
p=1

∑
(I1,I2,...,Ip)

yL1
I1

yL2
I2

· · · y
L p

Ip
y

L p+1
is

∂ p+1 F K

∂yL1∂yL2 · · · ∂yL p∂yL p+1

=
s∑

p=1

∑
(J1,J2,...,Jp)

yL1
J1

yL2
J2

· · · y
L p

Jp

∂ p F K

∂yL1∂yL2 · · · ∂yL p
,
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and the formula (25) is verified.

2.3. Regular velocities. Let m, n ≥ 1 be fixed integers. We need a convention
regarding partitions of the sequence (1, 2, . . . , n, n + 1, . . . , n + m) in two comple-
mentary subsequences. A subsequence (i1, i2, . . . , in) of the sequence (1, 2, . . . , n,
n + 1, . . . , n + m), consisting of n elements, is called an n-subsequence. Indeed, one
has exactly

(1)

(
n + m

n

)

different n-subsequences. Every n-subsequence (i1, i2, . . . , in) has a unique comple-
mentary subsequence (σ1, σ2, . . . , σm). Note that since we consider subsequences, we
always assume that i1 < i2 < · · · < in, σ1 < σ2 < · · · < σm .

We write (K ) = (1, 2, . . . , n, n + 1, . . . , n + m), (i) = (i1, i2, . . . , in), and (σ ) =
(σ1, σ2, . . . , σm), to express that K = 1, 2, . . . , n, n + 1, . . . , n + m, i = i1, i2, . . . , in ,
and σ = σ1, σ2, . . . , σm , respectively. We also write, with obvious meaning, ν ∈ (σ ),
j ∈ (i), etc.

Let r ≥ 0, m, n ≥ 1 be integers, let Y be a smooth manifold of dimension n + m,
and let T r

n Y be the manifold of n-velocities of order r over Y . We shall consider the set
of regular n-velocities of order r in T r

n Y , denoted by imm T r
n Y . Recall that a velocity

P ∈ T r
n Y, P = Jr

0 ζ is called regular, if there exists an r -jet Q ∈ Jr
(y,0)(Y,Rn), such

that

(2) Q ◦ P = Jr
0 idRn .

P is regular if and only if every representative ζ of P is an immersion at 0 ∈ Rn (Sec-
tion 2.1, Lemma 5, (a)) or, equivalently, if and only if there exist a chart (V, ψ), ψ =
(yK ), at y = ζ(0), and an n-subsequence (i) = (i1, i2, . . . , in) of the sequence
(K ) = (1, 2, . . . , n, n + 1, . . . , n + m) such that

(3) det
(
yi

j (P)
) = det

(
D j (yi ◦ ζ )(0)

) �= 0.

Recall that T r
n Y is endowed with the canonical right action of the differential group

Lr
n , defined by

(4) Q = P ◦ A,

(see Section 2.2, (3), Theorem 1, (b)). Let (V, ψ), ψ = (yK ), be a chart on Y , and let
(V r

n , ψr
n ), ψr

n = (yK , yK
i1

, yK
i1i2

, . . . , yK
i1i2···ir ), be the associated chart on imm T r

n Y . (4) is
expressed by the equations

(5) yK = yK , yK
i1i2···is

=
s∑

p=1

∑
(I1,I2,...,Ip)

yK
j1 j2··· jp

a j1
I1

a j2
I2

· · · a
jp

Ip
,

where the second sum is extended to all partitions (I1, I2, . . . , Ip) of the set (i1, i2,
. . . , is) (see Section 2.3, (10)). Clearly, here yL , yL

p1
, yL

p1 p2
, . . . , yL

p1 p2···pr
(resp. yK , yK

i1
,

yK
i1i2

, . . . , yK
i1i2···ir , resp. a j

I ) are the coordinates of a point P ∈ imm T r
n Y (resp. its image

Q ∈ T r
n Y , resp. A ∈ Lr

n).
The following lemma says that formula (4), or equivalently, (5), induces a right ac-

tion on imm T r
n Y .
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Lemma 2. The set imm T r
n Y is an open, dense, Lr

n-invariant subset of T r
n Y .

Proof. Let P ∈ imm T r
n Y, P = Jr

0 ζ , let (V, ψ), ψ = (yK ), be a chart at y = ζ(0),
and let (V r

n , ψr
n ), ψr

n = (yK , yK
i1

, yK
i1i2

, . . . , yK
i1i2···ir ), be the associated chart at P . Since

ζ is an immersion at 0 ∈ Rn , the matrix formed by yK
i (P) = Di (yK ζ )(0) is of maximal

rank equal to n. Assume that det(y j
i (P)) �= 0 for an n-subsequence (i) = (i1, i2, . . . , in)

of the sequence (K ) = (1, 2, . . . , n, n + 1, . . . , n + m). Then since the mapping V r
n �

P → det(y j
i (P)) ∈ R is continuous, P has a neighborhood on which this function is

nonzero. This verifies that the set imm T r
n Y ⊂ T r

n Y is open.
If P ∈ imm T r

n Y, P = Jr
0 ζ , and A ∈ Lr

n, A = Jr
0 α, then P ◦ A = Jr

0 (ζ ◦ α), where
ζ ◦ α is obviously an immersion at 0 ∈ Rn . This proves invariance.

The set imm T r
n Y is called the manifold of regular n-velocities of order r over Y .

Now we wish to analyze the equivalence R ⊂ imm T r
n Y × imm T r

n Y , associated
with the canonical group action (4).

We set for every n-subsequence (i) of the sequence (1, 2, . . . , n, n +1, . . . , n +m)

(6) W (i) = {
P ∈ V r

n | det(yi
j (P)) �= 0

}
,

where (V r
n , ψr

n ) is the chart on imm T r
n Y associated with (V, ψ). In (6), i ∈ (i), and

1 ≤ j ≤ n. W (i) is an open subset of V r
n . It is easily seen that W (i) is Lr

n-invariant.
Indeed, if P ∈ W (i) is a point, then by (5), for every A ∈ Lr

n, yK
j (P ◦ A) = yK

j =
yK

p (P)a p
j (A) and det(yi

j (P ◦ A)) = det(yi
p(P)a p

j (A)) = det(yi
j (P)) det A �= 0, i.e.,

P ◦ A ∈ W (i). Shrinking the canonical coordinates (yK , yK
i1

, yK
i1i2

, . . . , yK
i1i2···ir ) to W (i)

we obtain a chart denoted by (W (i), χ(i)). We have

(7)
⋃
(i)

W (i) = V r
n ,

which implies that the charts (W (i), χ(i)) form an atlas on the manifold imm T r
n Y . The

coordinate transformation from (W (i), χ(i)) to (W ( j), χ( j)) coincides with the restriction
of the identity mapping of V r

n to W (i) ∩ W ( j).
We introduce a collection of functions zk

i : W (i) → R, by

(8) zk
i yi

j = δk
j ,

where i ∈ (i), and 1 ≤ j, k ≤ n. Existence of these functions is guaranteed by the
condition (6). zk

i is a rational function of yi
j , and is therefore smooth.

Now consider equations (4), and the equivalence R on imm T r
n Y “there exists A ∈

Lr
n such that Q = P ◦ A”.

Lemma 3. Let (P, Q) ∈ imm T r
n Y × imm T r

n Y be a point. The following conditions
are equivalent:

(a) (P, Q) ∈ R.
(b) There exist a chart (V, ψ), ψ = (yK ), on Y and an n-subsequence (i) of the

sequence (1, 2, . . . , n + m) such that P, Q ∈ W (i), and the coordinates yK
i1i2···is

(resp.

yK
i1i2···is

, resp. a j
I ) of P (resp. Q, resp. A) satisfy

(9)
yK = yK , yσ

i1i2···is
=

s∑
p=1

∑
(I1,I2,...,Ip)

yσ
j1 j2··· jp

a j1
I1

a j2
I2

· · · a
jp

Ip
,

1 ≤ i1, i2, . . . , is, j1, j2, . . . , jp ≤ n, 1 ≤ s ≤ r,
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and the recurrent formula

(10) aq
k1k2···ks

= zq
i

(
yi

k1k2···ks
−

s∑
p=2

∑
(I1,I2,...,Ip)

a j1
I1

a j2
I2

· · · a
jp

Ip
yi

j1 j2··· jp

)
, i ∈ (i).

where (σ ) is the complementary subsequence of (i).

Proof. 1. Assume that (a) is satisfied. Then there exist (V, ψ), ψ = (yK ), and (i),
such that P, Q, and A satisfy (4) hence (5) and P, Q ∈ W (i). If (σ ) is the complemen-
tary subsequence, we can split (5) in two subsystems, taking K = i , and K = σ . Then
the first subsystem reduces to the condition yi = yi , and to the recurrent formula (10),
which determines the canonical coordinates of the group element A as certain rational
functions of yi

j1 j2··· js
, yi

j1 j2··· js
. The second subsystem of (5), together with the condition

yi = yi , gives (9).
2. If (b) is satisfied, conditions (9) and (10) imply (5), therefore, P and Q belong to

the same Lr
n-orbit.

Let (V, ψ), ψ = (yK ), be a chart at a point y ∈ Y , and let (i) = (i1, i2, . . . , in) be
an n-subsequence of the sequence (1, 2, . . . , n, n + 1, . . . , n + m). We need a formula
expressing the formal derivative morphism (Section 2.2, (14)) in terms of the chart
(W (i), χ(i)). Note that (i) defines a splitting of the sequence of the coordinate functions
(y1, y2, . . . , yn+m) into two subsequences (yi ) and (yσ ). Setting ψ(i) = (yi ) defines, in
components, a mapping of V onto a set U in Rn . Since ψ(i) is the composite of ψ and
the Cartesian projection of Rn+m onto Rn , which is an open mapping, U is open.

An r -jet P ∈ V r
n , P = Jr

0 ζ , belongs to W (i) if and only if the mapping ζ (i) = ψ(i)◦ζ

of a neighborhood W of 0 ∈ Rn into Rn , sending 0 ∈ Rn into the point ψ(i)(ζ(0)) ∈ U ,
is a diffeomorphism at 0 ∈ Rm .

Let P ∈ W (i), P = Jr
0 ζ . Recall that a representative ζ of P defines the (r − 1)-

prolongation of ζ ,

(11) W � t → (T r−1
n ζ )(t) = Jr−1

0 (ζ ◦ tr−t) ∈ imm T r−1
n Y

(Section 2.2, (11)). Then the composite T r−1
n ζ ◦ (ζ (i))−1 ◦ ψ(i) ◦ τ r,0 is defined on a

neighborhood of P in W (i), and takes values in τ r,r−1(W (i)) ⊂ imm T r−1
n Y . Let ξ ∈

TP imm T r
n Y be a tangent vector at P ,

(12) ξ =
r∑

s=0

ξ K
i1i2···is

(
∂

∂yK
i1i2···is

)
P

,

and consider the tangent vector

(13) h(i)(ξ) = T0
(
T r−1

n ζ ◦ (ζ (i))−1 ◦ ψ(i) ◦ τ r,0
) · ξ

of imm T r−1
n Y at τ r,r−1(P) ∈ τ r,r−1(W (i)) ⊂ imm T r−1

n Y . We get

(14)

h(i)(ξ) = (
T((ζ (i))−1◦ψ(i)◦τ r,0)(P)T

r−1
n ζ ◦ TP((ζ (i))−1 ◦ ψ(i) ◦ τ r,0)

) · ξ

= T((ζ (i))−1◦ψ(i)◦ζ )(0)T
r−1

n ζ ◦ TP
(
(ζ (i))−1 ◦ ψ(i) ◦ τ r,0

) · ξ

= T0T r−1
n ζ ◦ TP

(
(ζ (i))−1 ◦ ψ(i) ◦ τ r,0

) · ξ.
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But

(15)

(
tq ◦ (ζ (i))−1 ◦ ψ(i) ◦ τ r,0 ◦ (ψr

n )−1
)(

yK , yK
p1

, yK
p1 p2

, . . . , yK
p1 p2···pr

)
= (

tq ◦ (ζ (i))−1
)
(yi1, yi2, . . . , yin ),

where (t1, t2, . . . , tn) are the canonical coordinates on Rn . Since

(16)

TP
(
(ζ (i))−1 ◦ ψ(i) ◦ τ r,0

) · ξ

=
(

∂(tq ◦ (ζ (i))−1 ◦ ψ(i) ◦ τ r,0 ◦ (ψr
n )−1)

∂yK
q1q2···qs

)
ψr

n (P)

· ξ K
i1i2···is

(
∂

∂tq

)
0

=
(

∂(tq ◦ (ζ (i))−1

∂yi

)
ψ(i)(y)

· ξ i

(
∂

∂tq

)
0

= zq
i (P)ξ i

(
∂

∂tq

)
0

,

we have, comparing this expression with Section 2.2, (13) (14), h(i)(ξ) = zq
i (P) ξ i

dq(P), where dq is the formal derivative morphism. Denoting

(17) �i = zq
i dq,

we get the formula

(18) h(i)(ξ) = ξ i�i .

Notice that in (17) and (18), summation through i ∈ (i) takes place.

Lemma 4. (a) For every i, j ∈ (i),

(19) �i� j = � j�i .

(b) If (V, ψ), ψ = (yK ), and (V , ψ), ψ = (yK ), are two charts, and (i), ( j) are two
n-subsequences of (1, 2, . . . , n + m), then

(20) � j = zs
j yi

s�i .

Proof. (a) First note that the relation yi
s zs

j = δi
j implies dp yi

s zs
j + yi

sdpzs
j = 0 hence

zq
i dp yi

s zs
j + zq

i yi
sdpzs

j = 0, and zq
i dp yi

s zs
j + dpzq

j = 0. Thus, for any smooth function
f : τ r,r−1(W (i)) → R,

(21)
� j�i f = z p

j dp(z
q
i dq f ) = z p

j dpzq
i dq f + z p

j zq
i dpdq f

= −z p
j zq

k yk
spzs

i dq f + z p
j zq

i dpdq f.

This formula together with Section 2.2, (20), proves (19).
(b) We have, with our standard notation, � j = zs

j ds = zs
j ds = zs

jδ
p
s dp = zs

j yi
s z p

i dp

= zs
j yi

s�i , where i ∈ (i), j ∈ ( j).

Remark 3. Lemma 4(b) shows that the morphisms �i span a subbundle of the tan-
gent space T imm T r−

n Y , determined independently of charts.
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Using the charts (W (i), χ(i)), we can construct new charts on imm T r
n Y adapted to

the canonical right action of Lr
n . In the following theorem, these charts are described by

means of the morphism �i = zq
i dq , (17).

Theorem 1. (a) Let (i) be an n-subsequence of the sequence (1, 2, . . . , n + m), and
let (σ ) be the complementary subsequence. There exist unique functions wσ , wσ

i1
, wσ

i1i2
,

. . . , wσ
i1i2···ir , where i1, i2, . . . , ir ∈ (i) and σ ∈ (σ ), defined on W (i), symmetric in the

subscripts, such that

(22) yσ = wσ , yσ
p1 p2···pk

=
k∑

q=1

∑
(I1,I2,...,Iq )

yi1
I1

yi2
I2

· · · y
iq

Iq
wσ

i1i2···iq
.

The pair (W (i), �(i)), where

(23) �(i) = (
yi , yi

p1
, yi

p1 p2
, . . . , yi

p1 p2···pr
, wσ , wσ

i1
, wσ

i1i2
, . . . , wσ

i1i2···ir
)
,

is a chart on imm T r
n Y . The functions wσ , wσ

i1
, wσ

i1i2
, . . . , wσ

i1i2···ir satisfy the recurrent
formula

(24) wσ
i1i2···ik ik+1

= �ik+1w
σ
i1i2···ik

,

and are Lr
n-invariant.

(b) The canonical group action on imm T r
n Y is described on W (i) by the equations

(25)

yi = yi ,

yi
k1k2···ks

=
s∑

p=1

∑
(I1,I2,...,Ip)

a j1
I1

a j2
I2

· · · a
jp

Ip
yi

j1 j2··· jp
,

wσ
i1i2···is

= wσ
i1i2···is

,

where i, i1, i2, . . . , is ∈ (i), σ ∈ (σ ), 0 ≤ s ≤ r . Equations

(26) wσ
i1i2···is

= cσ
i1i2···is

,

where cσ
i1i2···is

∈ R, are equations of the orbits of this action.

Proof. (a) We proceed in three steps.
1. To prove existence of t wσ , wσ

i1
, wσ

i1i2
, . . . , wσ

i1i2···ir , we proceed by induction.
First we prove that the assertion (a) is true for r = 1. Consider the pair (W (i), �(i)),

�(i) = (yi , yi
p, w

σ , wσ
i ), where by (22), wσ = yσ , yσ

p = yi
pw

σ
i . Obviously wσ

j = z p
j yσ

p ,
where j ∈ (i), which shows that (W (i), �(i)) is a new chart. Moreover, wσ

i = z p
i dp yσ =

z p
i dpw

σ . It remains to show that the functions wσ , wσ
i are L1

n-invariant. Since the group
action (4) is represented by the equations yi = yi , yσ = yσ , yi

p = a j
p yi

j , yσ
p = a j

p yσ
j ,

the inverse of the matrix yi
p = a j

p yi
j is z p

q = zs
qbp

s , where q ∈ (i), and bp
s stands for the

inverse of a p
s . Hence wσ = wσ and wσ

i = zk
i yσ

k = zs
i bk

s a p
k yσ

p = z p
i yσ

p = wσ
i proving

invariance.
Now we apply induction. Consider (22) with symmetric wσ

i1i2···iq
, 1 ≤ q ≤ k. Using

the formal derivative morphism we get

(27)

yσ
p1 p2···pk pk+1

= dpk+1 yσ
p1 p2···pk

=
k∑

q=1

∑
(I1,I2,...,Iq )

(
dpk+1(yi1

I1
yi2

I2
· · · y

iq

Iq
) wσ

i1i2···iq
+ yi1

I1
yi2

I2
· · · y

iq

Iq
dpk+1w

σ
i1i2···iq

)
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=
k∑

q=1

∑
(I1,I2,...,Iq )

dpk+1(yi1
I1

yi2
I2

· · · y
iq

Iq
)wσ

i1i2···iq

+
k−1∑
q=1

∑
(I1,I2,...,Iq )

yi1
I1

yi2
I2

· · · y
iq

Iq
y

iq+1
pk+1�iq+1w

σ
i1i2···iq

+
∑

(I1,I2,...,Iq )

yi1
p1

yi2
p2

· · · yik
pk

yik+1
pk+1

�ik+1w
σ
i1i2···ik

.

Now we apply the induction hypothesis (24) to the second summand. We get

(28)

yσ
p1 p2···pk pk+1

=
k∑

q=1

∑
(I1,I2,...,Iq )

dpk+1(yi1
I1

yi2
I2

· · · y
iq

Iq
)wσ

i1i2···iq

+
k−1∑
q=1

∑
(I1,I2,...,Iq )

yi1
I1

yi2
I2

· · · y
iq

Iq
y

iq+1
pk+1w

σ
i1i2···iq iq+1

+ yi1
p1

yi2
p2

· · · yik
pk

yik+1
pk+1

�ik+1w
σ
i1i2···ik

.

In this formula, we sum through partitions (I1, I2, . . . , Iq) of the set {p1, p2, . . . , pk},
and i1, i2, . . . , iq, iq+1 ∈ (i). We want to sum through partitions (J1, J2, . . . , Jq) of the
set {p1, p2, . . . , pk, pk+1}. Note that such partitions arise in two possible ways, either
by adding pk+1 to an element of some partition (I1, I2, . . . , Iq), or as a partition of the
form (I1, I2, . . . , Iq, {pk+1}). Then, however, if we denote

(29) wσ
i1i2···ik ik+1

= �ik+1w
σ
i1i2···ik

,

the expression (28) can be written in the form

(30) yσ
p1 p2···pk pk+1

=
k∑

q=1

∑
(J1,J2,...,Jq )

yi1
J1

yi2
J2

· · · y
iq

Jq
wσ

i1i2···iq

where the summation is taking place through partitions of the set {p1, p2, . . . , pk, pk+1}.
This proves existence of the functions wσ , wσ

i1
, wσ

i1i2
, . . . , wσ

i1i2···ir . By Lemma 4, the
functions wσ

i1i2
, wσ

i1i2i3
, . . . , wσ

i1i2···ir are symmetric in the subscripts.
2. To prove uniqueness of the functions wσ , wσ

i1
, wσ

i1i2
, . . . , wσ

i1i2···ir , one rewrites (22)
similarly as in (28), and determines wσ

i1i2···ik
using regularity of the matrix yi

p.
3. It remains to prove invariance condition wσ

j1 j2··· js = wσ
j1 j2··· js stating that the func-

tions (24) are constant along the Lr
n-orbits in (W (i), �(i)).

Consider equations (5). If P is a point of imm T r
n Y , and Q = P ◦ A, then by

Lemma 3, there exist a chart (V, ψ), ψ = (yK ), and an n-subsequence (i) of (1, 2, . . .,
n+m) such that P, Q ∈ W (i). If (σ ) is the complementary subsequence, the coordinates
of P, Q, and A satisfy (9) and (10).

Using (22) we can write

(31)

yσ
i1i2···is

=
s∑

p=1

∑
(I1,I2,...,Ip)

y j1
I1

y j2
I2

· · · y
jp

Ip
wσ

j1 j2··· jp
,

yσ
j1 j2··· jp

=
p∑

l=1

∑
(J1,J2,...,Jl )

yt1
J1

yt2
J2

· · · ytl
Jl
wσ

t1t2···tl ,
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where (I1, I2, . . . , Ip) is a partition of the set {i1, i2, . . . , is}, and (J1, J2, . . . , Jl) is a
partition of the set { j1, j2, . . . , jp}. Then by (9)

(32)

s∑
p=1

∑
(I1,I2,...,Ip)

y j1
I1

y j2
I2

· · · y
jp

Ip
wσ

j1 j2··· jp

=
s∑

p=1

∑
(I1,I2,...,Ip)

a j1
I1

a j2
I2

· · · a
jp

Ip

(
p∑

l=1

∑
(J1,J2,...,Jl )

yt1
J1

yt2
J2

· · · ytl
Jl
wσ

t1t2···tl

)
.

Now we wish to determine the terms wσ
t1t2···tp

on the right side with fixed p. Changing
the notation of the indices, we get the expression

(33)
s∑

q=1

∑
(I1,I2,...,Iq )

a j1
I1

a j2
I2

· · · a
jq
Iq

(
q∑

p=1

∑
(J1,J2,...,Jp)

yt1
J1

yt2
J2

· · · y
tp

Jp
wσ

t1t2···tp

)

from which we see that wσ
t1t2···tp

are contained in every summand with q ≥ p. Thus, the
required terms are given by

(34)

(
s∑

q=p

∑
(I1,I2,...,Iq )

∑
(J1,J2,...,Jp)

a j1
I1

a j2
I2

· · · a
jq
Iq

yt1
J1

yt2
J2

· · · y
tp

Jp

)
wσ

t1t2···tp
.

In this formula, (I1, I2, . . . , Iq) is a partition of (i1, i2, . . . , is), and (J1, J2, . . . , Jp) is a
partition of ( j1, j2, . . . , jq).

Now we adopt the following notation. If I = (i1, i2, . . . , is) is a multi-index, then the
symbol (I1, I2, . . . , Ip) ∼ I means that (I1, I2, . . . , Ip) is a partition of the set {i1, i2,
. . . , is}.

As before, let I = (i1, i2, . . . , is), and p be fixed. Consider the expression

(35)

( ∑
(I1,I2,...,Ip)

yt1
I1

yt2
I2

· · · y
tp

Ip

)
wσ

t1t2···tp
.

We wish to show that this expression is equal to (34), i.e.

(36)

( ∑
(I1,I2,...,Ip)

yt1
I1

yt2
I2

· · · y
tp

Ip

)
wσ

t1t2···tp

=
(

s∑
q=p

∑
(I1,I2,...,Iq )

∑
(J1,J2,...,Jp)

a j1
I1

a j2
I2

· · · a
jq
Iq

yt1
J1

yt2
J2

· · · y
tp

Jp

)
wσ

t1t2···tp
.

Write formula (10) of Section 2.2 in the form

(37)
yK

I =
|I |∑

p=1

∑
(I1,I2,...,Ip)

a j1
I1

a j2
I2

· · · a
jp

Ip
yK

j1 j2··· jp
,

(I1, I2, . . . , Ip) ∼ I.
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Using the same notation, we have

(38)

yt1
I1

=
|I1|∑

q1=1

∑
(I1,1,I1,2,...,I1,q1 )

a
j1,1
I1,1

a
j1,2
I1,2

· · · a
j1,q1
I1,q1

yt1
j1,1 j1,2··· j1,q1

,

(I1,1, I1,2, . . . , I1,q1) ∼ I1,

yt2
I2

=
|I2|∑

q2=1

∑
(I2,1,I2,2,...,I2,q2 )

a
j2,1
I2,1

a
j2,2
I2,2

· · · a
j2,q2
I2,q2

yt2
j2,1 j2,2··· j2,q2

,

(I2,1, I2,2, . . . , I2,q2) ∼ I2,

· · ·

y
tp

Ip
=

|Ip |∑
qp=1

∑
(Ip,1,Ip,2,...,Ip,qp )

a
jp,1
Ip,1

a
jp,2
Ip,2

· · · a
jp,qp

Ip,qp
y

tp

jp,1 jp,2··· jp,qp
,

(Ip,1, Ip,2, . . . , Ip,qp) ∼ Ip,

where (I1, I2, . . . , Ip) ∼ I . Thus,

(39)

( ∑
(I1,I2,...,Ip)

yt1
I1

yt2
I2

· · · y
tp

Ip

)
wσ

t1t2···tp

=
( |I1|∑

q1=1

∑
(I1,1,I1,2,...,I1,q1 )

a
j1,1
I1,1

a
j1,2
I1,2

· · · a
j1,q1
I1,q1

yt1
J1

)

·
( |I2|∑

q2=1

∑
(I2,1,I2,2,...,I2,q2 )

a
j2,1
I2,1

a
j2,2
I2,2

· · · a
j2,q2
I2,q2

yt2
J2

)

· · ·

·
( |Ip |∑

qp=1

∑
(Ip,1,Ip,2,...,Ip,qp )

a
jp,1
Ip,1

a
jp,2
Ip,2

· · · a
jp,qp

Ip,qp
y

tp

Jp

)
wσ

t1t2···tp
,

where J1 = ( j1,1, j1,2, . . . , j1,q1), J2 = ( j2,1, j2,2, . . . , j2,q2), . . . , Jp = ( jp,1, jp,2, . . .,
jp,qp). This expression can be written in a different way. Notice that since

(40)
(I1,1, I1,2, . . . , I1,q1) ∼ I1, (I2,1, I2,2, . . . , I2,q2) ∼ I2,

. . . , (Ip,1, Ip,2, . . . , Ip,qp) ∼ Ip,

then

(41) (I1,1, I1,2, . . . , I1,q1, I2,1, I2,2, . . . , I2,q2, . . . , Ip,1, Ip,2, . . . , Ip,qp) ∼ I,

where |I1| + |I2| + · · · + |Ip| = |I | = s and if we define

(42) q = q1 + q2 + · · · + qp,

we get

(43) p ≤ q ≤ |I1| + |I2| + · · · + |Ip| = |I | = s.
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Now, having in mind the corresponding summation ranges,

(44)

( ∑
(I1,I2,...,Ip)

yt1
I1

yt2
I2

· · · y
tp

Ip

)
wσ

t1t2···tp

=
∑

a
j1,1
I1,1

a
j1,2
I1,2

· · · a
j1,q1
I1,q1

a
j2,1
I2,1

a
j2,2
I2,2

· · · a
j2,q2
I2,q2

· · · a
jp,1
Ip,1

a
jp,2
Ip,2

· · · a
jp,qp

Ip,qp

· yt1
J1

yt2
J2

· · · y
tp

Jp
wσ

t1t2···tp
.

Denoting

(45)

(s1, s2, . . . sq)

= ( j1,1, j1,2, . . . , j1,q1, j2,1, j2,2, . . . , j2,q2, . . . , jp,1, jp,2, . . . , jp,qp),

(P1, P2, . . . , Pq)

= (I1,1, I1,2, . . . , I1,q1, I2,1, I2,2, . . . , I2,q2, . . . , Ip,1, Ip,2, . . . , Ip,qp),

we get (P1, P2, . . . , Pq) ∼ I , and

(46)

( ∑
(I1,I2,...,Ip)

yt1
I1

yt2
I2

· · · y
tp

Ip

)
wσ

t1t2···tp

=
(

s∑
q=p

∑
(P1,P2,...,Pq )

∑
(J1,J2,...,Jp)

as1
P1

as2
P2

· · · a
sq

Pq
yt1

J1
yt2

J2
· · · y

tp

Jp

)
wσ

t1t2···tp
.

This proves (36).
Returning to (32), and substituting from (36) we get a basic formula

(47)
s∑

p=1

∑
(I1,I2,...,Ip)

y j1
I1

y j2
I2

· · · y
jp

Ip

(
wσ

j1 j2··· jp
− wσ

j1 j2··· jp

) = 0.

Now it is easy to show that wσ
j1 j2··· js

= wσ
j1 j2··· js

provided wσ
j1 j2··· jk

= wσ
j1 j2··· jk

for all
k ≤ s − 1.

If s = 1, we get y j1
i1

(wσ
j1

− wσ
j1
) = 0, and since the matrix y j

i is regular, wσ
j = wσ

j .
If s = 2, we have

y j1
i1i2

(wσ
j1

− wσ
j1
) + y j1

i1
y j2

i2
(wσ

j1 j2
− wσ

j1 j2
) = y j1

i1
y j2

i2
(wσ

j1 j2
− wσ

j1 j2
) = 0,

which implies, again using regularity of the matrix y j
i , that wσ

j1 j2
= wσ

j1 j2
.

Now assume that wσ
j1 j2··· jk

= wσ
j1 j2··· jk

for all k ≤ s − 1. Then (39) reduces to

(48) y j1
i1

y j2
i2

· · · y js
is

(
wσ

j1 j2··· js − wσ
j1 j2··· js

) = 0,

which gives us wσ
j1 j2··· js

− wσ
j1 j2··· js

= 0 as required.
(b) This assertion is immediate.

The charts of the form (W (i), �(i)) are referred to as the adapted charts to the canon-
ical group action of Lr

n on imm T r
n Y .

We can now easily prove the following result.
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Theorem 2. If Y is Hausdorff, then the canonical right action of Lr
n defines on

imm T r
n Y the structure of a right principal Lr

n-bundle.

Proof. We have to show that the equivalence R “there exists A ∈ Lr
n such that

P = Q ◦ A” is a closed submanifold of the product manifold imm T r
n Y × imm T r

n Y ,
and that the group action (4) is free.

But R is obviously a submanifold, by Theorem 1, (b). To prove that R is closed,
consider a point (P, Q) ∈ imm T r

n Y × imm T r
n Y such that (P, Q) �= R. Then P �= Q,

and we distinguish two possibilities: (1) τ r,0
n (P) = τ r,0

n (Q), (2) τ r,0
n (P) �= τ r,0

n (Q).
In the case (1), P, Q ∈ V r

n for any chart (V, ψ) on Y , Clearly, because Y is Haus-
dorff, in both cases the points P, Q can be separated by open sets. The product of these
open sets does not intersect R, proving that R is closed.

To show that the action (4) is free, we assume that P = P ◦ A for some r -velocity
P ∈ imm T r

n Y and some A ∈ Lr
n . Since P is regular, there exists Q ∈ Jr

(y,0)(Y,Rn),
where y is the target of P , such that Q ◦ P = Jr

0 idRn (see (2)), which implies A =
Jr

0 idRn .

2.4. Frames. Let X be a smooth n-dimensional manifold. An invertible n-velocity
of order r at a point x ∈ X is called an r-frame at x . Obviously, the set of r -frames at the
points of X coincides with the subset imm T r

n X of T r
n X formed by the r -jets P = Jr

0 ζ

with source 0 ∈ Rn and target in X , such that for any representative ζ of P , and any
chart (U, ϕ), ϕ = (xi ),

(1) det
(
Di (x jζ )(0)

) �= 0.

We denote

(2) Fr X = imm T r
n X,

We have the canonical jet projections τ r,s : Fr X → Fs X and τ r : Fr X → X , defined
as the restrictions of the canonical jet projections τ r,s

n : T r
n X → T s

n X and τ r,0
n : T r

n X →
X to the set Fs X (Section 2.2, (2)). Note that Theorem 2 can be applied to Fr X .

Theorem 3. (a) The set is an open, dense, Lr
n-invariant subset of T r

n X.
(b) The canonical right action (P, A) → P ◦ A of Lr

n on Fr X defines the structure
of a right principal Lr

n-bundle over X.

Proof. (a) This follows from the condition (1).
(b) We have to show that the right action (P, A) → P ◦ A is free, and the orbit space

Fr X/Lr
n has a smooth structure such that the quotient projection of Fr X onto Fr X/Lr

n
is a submersion.

Let P ∈ Fr X and A, B ∈ Lr
n be such that P ◦ A = P ◦ B. Since P is invertible, we

have Jr
0 idRn = P−1 ◦ P ◦ A = P−1 ◦ P ◦ B hence A = B.

It is clear that the Lr
n-orbits in Fr X coincide with the sets (τ r )−1(x) ⊂ Fr X . In

particular, the equivalence on Fr X defined by the group action (P, A) → P ◦ A coin-
cides with the equivalence associated with the jet projection τ r . Therefore, we may take
Fr X/Lr

n = X .

Fr X , considered as a right principal Lr
n-bundle over X , is referred to as the bundle

of r-frames over X .
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Let X (resp. Y ) be an n-dimensional (resp. m-dimensional) smooth manifold. We
wish to describe the manifold of r -jets Jr (X, Y ) as an associated fiber bundle.

Consider the manifold Lr
n,m of r -jets with source at 0 ∈ Rn and target at 0 ∈ Rm

(Section 1.2, (13)). Lr
n,m is endowed with natural actions of the differential groups Lr

n
and Lr

m defined by the composition of jets ◦, and of the product of differential groups
Lr

n × Lr
m . The group operation in Lr

n × Lr
m is defined by

(3) (A, H) · (A′, H ′) = (A ◦ A′, H ◦ H ′),

Lr
n × Lr

m acts to the left on Lr
n,m by

(4) (A, G) · P = G ◦ P ◦ A−1.

Lr
n × Lr

m also acts to the right on the product of the r -frame bundles Fr X × Fr Y by

(5) (S, T ) · (A, H) = (S ◦ A, T ◦ H).

We have the following assertion.

Theorem 4. (a) Fr X × Fr Y with the action (5) is a principal (Lr
n × Lr

m)-bundle
with base X × Y .

(b) The mappings

Fr X × Fr Y × Lr
n,m � ((S, T ), P) → T ◦ P ◦ S−1 ∈ Jr (X, Y ),(6)

Fr X × T r
n Y � (S, R) → R ◦ S−1 ∈ Jr (X, Y ),(7)

are frame mappings.

Proof. (a) The canonical projection of Fr X × Fr Y onto X × Y is obviously a sur-
jective submersion. To show that the action (5) is free, assume that (S, T ) · (A, H) =
(S, T ). Then S ◦ A = S, T ◦ H = T , and we use invertibility of S and T .

(b) Consider e.g. (7). If Q ∈ Jr (X, Y ), then for any S ∈ Fr X , equation R ◦ S−1 = Q
has a solution R = Q◦S. Thus, (7) is surjective. To verify invariance, choose an element
A ∈ Lr

n . Then for any (S, R) ∈ Fr X × T r
n Y, (R ◦ A)◦ (S ◦ A)−1 = R ◦ A ◦ A−1 ◦ S−1 =

R ◦ S−1, proving Lr
n-invariance.

Corollary 1. (6) defines on Jr (X, Y ) the structure of a fiber bundle with fiber Lr
n,m,

associated with the principal Lr
n × Lr

m-bundle Fr X × Fr Y .

Corollary 2. (7) defines on Jr (X, Y ) the structure of a fiber bundle with fiber T r
n Y ,

associated with the principal Lr
n-bundle Fr X.

Remark 4 (linear frames). Let X be an n-dimensional manifold. The principal L1
n-

bundle F1 X , denoted by F X , is usually called the bundle of linear frames, or simply
the bundle of frames over X .

F X can alternatively be defined as follows. The elements of the set F X are bases,
or frames, of the tangent spaces Tx X , where x runs through X . We have the mapping
π : F X → X , assigning to a basis � = (ξ1, ξ2, . . . , ξn) at x ∈ X the point x . If
(U, ϕ), ϕ = (xi ), is a chart at x , then the associated chart (V, ψ), ψ = (xi , xi

j ), is
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defined as follows. We take V = π−1(U ), and � ∈ V . Then the coordinates xi (�) are
taken to be xi (π(�)), and xi

j (�) are defined by the decomposition

(8) ξ j = xk
j (�)

(
∂

∂xk

)
x

in the tangent space Tx X . The associated charts are taken to define a smooth structure
on F X .

F X is endowed with a right action of the general linear group GLn(R) = L1
n . If

A ∈ GLn(R), A = (ai
j ), then � · A = (ξi ai

1, ξi ai
2, . . . , ξi ai

n). In coordinates,

(9) xi (� · A) = xi (�), xk
j (� · A) = xk

p(�)a p
j .

This action defines on F X the structure of a principal GLn(R)-bundle.
An invertible 1-jet with source 0 ∈ Rn and target x ∈ X is canonically identified

with a linear isomorphism from Rn to Tx X , and also with the basis of Tx X , consisting
of the images of the vectors of the canonical basis of Rn under this linear isomorphism.

3. Jet prolongations of smooth manifolds

3.1. Contact elements. Let r ≥ 0, m, n ≥ 1 be integers, let X be a smooth manifold
of dimension n, and let Y be a smooth manifold of dimension n + m.

Denote by Cr
(x,y)(X, Y ) the set of mappings of class Cr f : W → Y , where W is a

neighborhood of x , such that f (x) = y (Section 1.2), and consider the set

(1) Cr (X, Y ) =
⋃

(x,y)∈X×Y

Cr
(x,y)(X, Y ).

We say that two mappings f, g ∈ Cr (X, Y ) have contact to order r at (x1, x2), if f is
defined at x1, g is defined at x2, and there exist charts (U1, ϕ1) at x1 and (U2, ϕ2) at x2

such that

(2) Jr
0

(
f ϕ−1

1 tr−ϕ1(x1)

) = Jr
0

(
f ϕ−1

2 tr−ϕ2(x2)

)
.

The relation “ f and g have contact to order r at (x1, x2)” is an equivalence on
Cr (X, Y ). Equivalence classes of this equivalence are called contact elements of order
r with target y, or simply contact elements. The contact element whose representative
is a mapping f ∈ Cr

(x,y)(X, Y ) is called the contact element of f at x , and is denoted by
Gr

x f . The set of contact elements with target y is denoted by Gr
y(X, Y ).

The equivalence on Cr (X, Y ) “ f and g have contact to order r at (x1, x2)” induces
an equivalence on the set of r -jets Jr (X, Y ) “there exist charts (U1, ϕ1) and (U2, ϕ2)

such that J r
0 ( f ϕ−1

1 tr−ϕ1(x1)) = Jr
0 ( f ϕ−1

2 tr−ϕ2(x2))”. When we express a contact element
as the class of jets, we denote

(3) Gr
x f = [Jr

x f ].

Clearly, Jr
x1

f, Jr
x2

g ∈ Jr (X, Y ) are equivalent if and only if there exists a diffeo-
morphism α : U → V , where U is a neighborhood of x1 and V is a neighborhood of
x2 sending x1 to x2, such that Jr

x1
f = Jr

x2
g ◦ Jr

x1
α. Indeed, we can take α in the form

α = ϕ−1
2 tr−ϕ2(x2) ◦ trϕ1(x1) ϕ1.
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3.2. Grassmann prolongations of a manifold. Let r ≥ 0, m, n ≥ 1 be integers, and
let Y be a smooth manifold of dimension n + m.

Lemma 1. Let W be a neighborhood of the origin 0 ∈ Rn, and let ζ, χ : W → Y
be two Cr -mappings. The following conditions are equivalent:

(a) ζ and χ have contact to order r at 0.
(b) There exists an element J r

0 α ∈ Lr
n such that

(2) Jr
0 ζ = Jr

Oχ ◦ Jr
0 α.

Proof. This is immediate.

In this section, we consider contact elements of immersions with source 0 ∈ Rn and
target in Y . Lemma 1 shows that such a contact element belongs to the quotient of the
manifold of regular n-velocities of order r with target in Y, imm T r

n Y , by the differential
group Lr

n , i.e., to the orbit space

(3) Grr
nY = imm T r

n Y/Lr
n

(Section 2.3, Theorem 2). We denote by π r
n : imm T r

n Y → Grr
nY the canonical quotient

projection.
For every s, 0 ≤ s ≤ r , we also have the canonical projection of Grr

nY onto Grs
nY

defined by

(4) ρr,s
n (Gr

0ζ ) = Gs
0ζ.

If τ r,s
n is the canonical jet projection of imm T r

n Y onto imm T s
n Y , we have the commu-

tative diagram

(5)

imm T r
n Y

πr
n−−−→ Grr

nYτ
r,s
n

ρ
r,s
n

imm T s
n Y

π s
n−−−→ Grs

nY.

If Y = Rn+m , we have the commutative diagram

(6)

imm T r
n Rn+m πr

n−−−→ Grr
nR

n+mτ
r,s
n

ρ
r,s
n

imm T s
n Rn+m πr

n−−−→ Grs
nR

n+m .

In particular, if s = 0, we have

(7)

imm T r
n Rn+m πr

n−−−→ Grr
nR

n+mτ
r,0
n

ρ
r,0
n

Rn+m idRn+m−−−−→ Rn+m .

Clearly, imm Lr
n,n+m = (τ r,0

n )−1(0) (see Section 1.2, (13)). We define

(8) Grr
n,n+m = (ρr,0

n )−1(0) = imm Lr
n,n+m/Lr

n.
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As fibers of surjective submersions, both imm Lr
n,n+m and Grr

n,n+m are closed subman-
ifolds. We call Grr

n,n+m the n-grassmannian of order r over Rn+m , or simply a higher
order grassmannian.

Note that Grr
n,n+m is endowed with a left action of the differential group Lr

n+m ,

(9) Lr
n+m × Grr

n,n+m � (A, [P]) → [A ◦ P] ∈ Grr
n,n+m .

If Fr Y is the bundle of r-frames over Y , the product Fr Y × Grr
n,n+m is endowed with

the right action of Lr
n+m

(10)
Lr

n+m × Fr Y × Grr
n,n+m � (A, (F, [P]))

→ (F ◦ A, [A−1 ◦ P]) ∈ Fr Y × Grr
n,n+m .

We have the following result.

Theorem 1. (a) Let Y be Hausdorff. The orbit space Grr
nY has a unique smooth

structure such that the canonical quotient projection τ r
n of imm T r

n Y onto Grr
nY is a

submersion, and

(11) dim Grr
nY = m

(
n + r

n

)
+ n.

(b) The mapping

(12) Fr Y × Grr
n,n+m � (F, [P]) → [F ◦ P] ∈ Grr

nY

is a frame mapping.

Proof. (a) This is a direct reformulation of Theorem 2, Section 2.3.
(b) It is sufficient to prove that (10) is Lr

n+m-invariant. Let Jr
0 α ∈ Lr

n+m be a point.
Then (12) assigns to the point (Jr

0 µ ◦ Jr
0 α, [Jr

0 α−1 ◦ Jr
0 ζ ]) ∈ Fr

Y × Grr
n.n+m the point

[Jr
0 (µα) ◦ Jr

0 (α−1ζ )] = [Jr
0 µ ◦ Jr

0 ζ ] ∈ Grr
nY proving invariance.

The frame mapping (12) defines on Grr
nY the structure of a fiber bundle over Y with

fiber Grr
n,n+m , associated with the bundle or framesFr Y . With this structure, Grr

nY is
called the n-Grassmann prolongation of order r of Y , or simply the Grassmann prolon-
gation of Y .

Let ζ : U → Y be an immersion of a neighborhood U of the origin 0 ∈ Rn into Y ,
and let T r

n ζ be its r -prolongation (Section 2.2, 11). By the r-contact prolongation of ζ

we mean the mapping

(13) U � t → Gr
nγ (t) = π r

n (T r
n γ (t)) ∈ Gr

nY.

An explicit description of the smooth structure of the Grassmann prolongation Gr
nY

follows immediately from the analysis of the canonical group action of the differential
group Lr

n on imm T r
n Y (Section 2.3, Lemma 2, Theorem 1, Theorem 2).

Consider a chart (V, ψ), ψ = (yK ) on Y , the associated chart (V r
n , ψr

n ), ψr
n = (yK ,

yK
i1

, yK
i1i2

, . . . , yK
i1i2···ir ) on imm T r

n Y , an n-subsequence (i) of the sequence (1, 2, . . .,
n + m), and the adapted chart (W (i), �(i)), �(i) = (yi , yi

j1
, yi

j1 j2
, . . . , yi

j1 j2··· jr
, wσ , wσ

i1
,

wσ
i1i2

, . . . , wσ
i1i2···ir ), where

(14) wσ = yσ , wσ
i1i2···ik

= �ik · · · �i2�i1w
σ ,
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and

(15)

�i (P)

= zs
i (P)

(
r−1∑
k=0

∑
q1≤q2≤···≤qk

r−1∑
l=0

∑
i1≤i2≤···≤il

(
∂wσ

i1i2···il
∂yK

q1q2···qk

)
P

yK
q1q2···qk s(P)

(
∂

∂wσ
i1i2···il

)
P

+
r−1∑
k=0

∑
q1≤q2≤···≤qk

r−1∑
l=0

∑
i1≤i2≤···≤il

(
∂ys

i1i2···il
∂yK

q1q2···qk

)
P

yK
q1q2···qk s(P)

(
∂

∂ys
i1i2···il

)
P

)

=
r−1∑
l=0

∑
i1≤i2≤···≤il

(
wσ

i1i2···il i (P)

(
∂

∂wσ
i1i2···il

)
P

+ zs
i (P)yk

i1i2···il s(P)

(
∂

∂yk
i1i2···il

)
P

)
,

thus,

(16)

�i = ∂

∂yi +
r−1∑
l=0

∑
i1≤i2≤···≤il

wσ
i1i2···il i

∂

∂wσ
i1i2···il

+
r−1∑
l=1

∑
i1≤i2≤···≤il

zs
i yk

i1i2···il s
∂

∂yk
i1i2···il

.

Recall that a chart on Y, (V, ψ), ψ = (yK ), induces the associated chart (V r
n , ψr

n ),
ψr

n = (yK , yK
i1

, yK
i1i2

, . . . , yK
i1i2···ir ), on imm T r

n Y , and for any n-subsequence (i) of the
sequence {1, 2, . . . , n + m}, whose complementary subsequence is denoted by (σ ), the
chart (W (i), �(i)), �(i) = (yi , yi

p1
, yi

p1 p2
, . . . , yi

p1 j2···pr
, wσ , wσ

i1
, wσ

i1i2
, . . . , wσ

i1i2···ir ), on
imm T r

n Y , adapted to the canonical action of the group Lr
n (Section 2.3, Theorem 1);

in this chart, i, i1, i2, . . . , ir ∈ (i), i1 ≤ i2 ≤ · · · ≤ ir , p1 ≤ p2 ≤ · · · ≤ pr ≤ n.
Denoting

(17) W (i)
G = π r

n

(
W (i)

)
, �

(i)
G = (

yi , wσ , wσ
i1
, wσ

i1i2
, . . . , wσ

i1i2···ir
)
,

we obtain the associated chart (W (i)
G , �

(i)
G ) on Grr

nY .
Assume that we have another chart, (V , ψ), ψ = (yK ), on Y such that V ∩ V �= ∅,

and an n-subsequence ( j) of the sequence {1, 2, . . . , n + m}. Denote by (ν) the com-
plementary subsequence. Then on W (i) ∩ W ( j)

(18) � j = zs
j ds = zs

j ds = zs
jδ

p
s dp = zs

j yi
s z p

i dp = zs
j yi

s�i ,

where i ∈ (i), j ∈ ( j). Consider the factor zs
j yi

s . If P ∈ W (i) ∩ W (i) and A ∈ Lr
n , we

have zs
j (P ◦ A)yk

s (P ◦ A) = δk
j and, in the canonical coordinates on the differential

group Lr
n, yk

s (P ◦ A) = yk
t (P)at

s(A). This implies that zs
j (P ◦ A) = zt

j (P)as
t (A−1),

hence zs
j (P ◦ A)yi

s(P ◦ A) = zs
j (P)yi

s(P). In particular, the function

(19) � i
j = zs

j yi
s

defined on W (i)∩W (i), depends only on [P] ∈ π r
n (W (i))∩π r

n (W (i)) (in fact, � i
j depends

on ρr,1
n ([P]) only).

Now we discuss transformation properties of the functions wσ , wσ
i1

, wσ
i1i2

, . . ., wσ
i1i2···ir

belonging to the associated charts on the Grassmann prolongation Grr
nY of Y .
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Theorem 2. Let (V, ψ), ψ = (y A), and (V , ψ), ψ = (y A) be two charts on Y
such that V ∩ V �= ∅, let (W (i)

G , �
(i)
G ), �

(i)
G ) = (yi , wσ , wσ

i1
, wσ

i1i2
, . . . , wσ

i1i2···ir ) and
(W ( j)

G , �
( j)
G ), �

( j)
G = (y j , wν, wν

j1
, wν

j1 j2
, . . . , wν

j1 j2··· jr
) be the associated charts on

Grr
nY . Let the transformation equations from (V, ψ) to (V , ψ) have the form

(20) yi = Fi (yk, wν), wσ = Fσ (yk, wν).

Then

(21) wν
j1

= � i
j1
�iw

ν = � i
j1

(
∂ Fν

∂yi + wσ
i

∂ Fν

∂wσ

)
,

and the functions wν
i1i2···ik ik+1

obey the recurrent transformation formulas

(22) wν
j1 j2··· jk jk+1

= � i
jk+1

�iw
ν
j1 j2··· jk .

Proof. (22) follows from (17) and (14). Then using (14), (19), and (20) we get

(23) wν
j1 j2··· jk jk+1

= � jk+1w
ν
j1 j2··· jk = � i

jk+1
�iw

ν
j1 j2··· jk .

proving (23).

3.3. Prolongations of a fibered manifold. In this section, Y is a fibered manifold
with base X and projection π . We denote n = dim X, dim Y = n + m.

Let r ≥ 0 be an integer. Let y ∈ Y be a point, let x = π(y), and let Sec r
x,yY

be the set of Cr sections γ of Y defined at x , such that γ (x) = y. We say that two
sections γ, δ ∈ Sec r

x,yY are tangent to order r at x , if there exists a fibered chart
(V, ψ), ψ = (xi , yσ ), at y, whose associated chart on X is denoted by (U, ϕ), ϕ = (xi ),
such that

(1) Di1 Di2 · · · Dis (yσ γ ϕ−1)(ϕ(x)) = Di1 Di2 · · · Dis (yσ δϕ−1)(ϕ(x))

for all s = 1, 2, . . . , r and all i1, i2, . . . , is such that 1 ≤ i1 ≤ i2 ≤ · · · ≤ is ≤ n.
The binary relation “ γ, δ are tangent to order r at x” is obviously an equivalence

on the set Sec r
x,yY . The class, containing a section γ ∈ Sec r

x,yY is called the r-jet of γ

at x , and is denoted by Jr
x γ . The set of classes with respect to this equivalence relation

is denoted by Jr
(x,y)Y . We define

(2) Jr Y =
⋃
(x,y)

Jr
(x,y)Y.

The canonical jet projections are the mappings π r,s : Jr Y → J sY , where 1 ≤ s ≤ r ,
π r,0 : Jr Y → Y and π r : Jr Y → X defined by

(3) π r,s(Jr
x γ ) = J s

x γ, π r,0(Jr
x γ ) = y, π r (Jr

x γ ) = x .

Let (V, ψ), ψ = (xi , yσ ), be a fibered chart on Y , and let (U, ϕ), ϕ = (xi ) be the
associated chart on X . We define the associated chart (V r , ψr ), ψr = (xi , yσ , yσ

i1
, yσ

i1i2
,

. . ., yσ
i1i2···ir ), on J Y by the following condition:

(4) V r = (π r,0)−1(V ),
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and, if Jr
x γ ∈ V r , then

(5)

xi (Jr
x γ ) = xi (x), yσ (Jr

x γ ) = yσ (y),

yσ
i1i2···ir (Jr

x γ ) = Di1 Di2 · · · Dir (yσ γ ϕ−1)(ϕ(x)),

1 ≤ i1 ≤ i2 ≤ · · · ≤ ir ≤ n.

where 1 ≤ i ≤ n, 1 ≤ σ ≤ m, 1 ≤ s ≤ r , and 1 ≤ i1 ≤ i2 ≤ · · · ≤ is ≤ n.

Lemma 2. There exists a unique smooth structure on Jr Y such that for every fibered
chart (V, ψ) on Y, (V r , ψr ) is a chart on Jr Y . The dimension of J r Y is

(6) dim Jr Y = n + m

(
n + r

n

)
.

Proof. We want to show that if we have an atlas on Y , consisting of fibered charts
(V, ψ), then the associated charts (V r , ψr ) form an atlas on Jr Y . To this purpose it
is obviously sufficient to verify smoothness of the transformations between two charts.
If (V, ψ) and (V , ψ) are two charts such that V ∩ V �= ∅, then writing yσ γ ϕ−1 =
yσψ−1 ◦ ψγϕ−1 ◦ ϕϕ−1, we get, using the chain rule, the transformation formula

(7)
yσ

i1i2···is
= Di1 Di2 · · · Dis (yσ γ ϕ−1)(ϕ(x))

= Di1 Di2 · · · Dis (yσψ−1 ◦ ψγϕ−1 ◦ ϕϕ−1)(ϕ(x)).

Thus, the transformation equations are polynomial hence smooth.
Now it is easy to compute the dimension. We get

(8)

dim Jr Y = n + m + mn + m

(
n + 1

2

)
+ · · · + m

(
n + r − 1

r

)

= n + m

(
n + r

r

)
.

Example 1. If r = 2, formula (7) gives

(9)

yσ
i1

=
(

∂ yσ

∂x j1
+ ∂ yσ

∂yν yν
j1

)
∂x j1

∂xi1
,

yσ
i1i2

=
(

∂2 yσ

∂x j1∂x j2
+ ∂2 yσ

∂yν∂x j2
yν

j1

)
∂x j2

∂xi2

∂x j1

∂xi1

+
(

∂ yσ

∂x j1
+ ∂ yσ

∂yν yν
j1

)
∂2x j1

∂xi1∂xi2
.

The concepts of the r -jet of a Cr section of a fibered manifold Y , and of the r -jet
prolongation Jr Y of Y , have been introduced in full analogy with the concepts of the
r -jet of an arbitrary Cr mapping, and of the manifold of r -jets Jr (X, Y ).

Jr Y can also be defined as a submanifold of Jr (X, Y ), and of the Grassmann pro-
longation Grr

nY . We denote

(10) imm π T r
n Y = {

Jr
0 ζ ∈ imm T r

n Y |Jr
0 π ◦ Jr

0 ζ ∈ Fr X
}
.
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Theorem 3. (a) is a closed submanifold of J r (X, Y ).
(b) imm π T r

n Y is an open, Lr
n-invariant set in imm T r

n Y, Jr X = (imm π T r
n Y )/Lr

n is
an open set in Grr

nY , and the diagram

(11)

imm π T r
n Y −−−→ imm T r

n Y 
Jr Y −−−→ Grr

nY

in which the horizontal arrows are the canonical inclusions, and the vertical arrows are
the quotient projections, commutes.

Proof. (a) Let (V, ψ), ψ = (xi , y I ), be a fibered chart on Y , (U, ϕ), ϕ = (xi ), the
associated chart on X . (V, ψ) and (U, ϕ) define the associated chart (W r , χ r

ϕ,ψ) on
Jr (X, Y ) (Section 3.1). Recall that

(12) W r = (ρr,0)−1(U × V ), χ r
ϕ,ψ = (xi , y I , χ I

i1i2···ik
),

where 1 ≤ k ≤ r, 1 ≤ σ ≤ m, 1 ≤ i1 ≤ i2 ≤ · · · ≤ ik ≤ n, ρr,0 : Jr (X, Y ) → X × Y
is the canonical jet projection, and χσ

i1i2···ik
are real-valued functions on W r defined by

χ I
i1i2···ik

(Jr
x f ) = Di1 Di2 · · · Dik (y I f ϕ−1)(ϕ(x)), where I = i, σ . More precisely,

(13) χ I
i1i2···ik

= (
χ i

i1i2···ik
, χσ

i1i2···ik

)
.

Since every section γ satisfies xi ◦ γ = xi , Jr Y ∩ W r is expressed by the equations

(14) χ i
i1

= δi
i1
, χ i

i1i2
= 0, . . . , χ i

i1i2···ir = 0.

Now it is immediate that Jr Y is a submanifold, and a closed subset of Jr (X, Y ).
(b) We have a smooth mapping

(15) imm T r
n Y � Jr

0 ζ → Jr
0 π ◦ Jr

0 ζ = Jr
0 (π ◦ ζ ) ∈ T r

n X.

Since the manifold of r -frames Fr X is an open set in T r
n X , the preimage of Fr X in

imm T r
n Y by the mapping (15), i.e., the set imm π T r

n Y , is open. If Jr
0 α ∈ Lr

n and Jr
0 ζ ∈

imm π T r
n Y , then obviously, Jr

0 ζ ◦ Jr
0 α = Jr

0 (ζα) ∈ imm π T r
n Y , that is, imm π T r

n Y is an
Lr

n-invariant subset.
Since by definition, Grr

nY = imm T r
n Y/Lr

n , the set imm π T r
n Y/Lr

n is obviously open
in Grr

nY , and we have the commutative diagram

(16)

imm π T r
n Y −−−→ imm T r

n Y 
imm π T r

n Y/Lr
n −−−→ Grr

nY

in which the horizontal arrows are the canonical inclusions, and the vertical arrows are
the quotient projections. It remains to show that Jr Y can be considered as the quotient
imm π T r

n Y/Lr
n .

If Jr
0 ζ ∈ imm π T r

n Y , then the formula

(17) γ = ζ ◦ (πζ )−1
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defines a section of Y over a neighborhood of x = π(ζ(0)). Thus, we have a mapping

(18) imm π T r
n Y � Jr

0 ζ → Jr
π(ζ(0))(ζ ◦ (πζ )−1) ∈ Jr Y.

It is easily seen that this mapping is surjective, and its fibers coincide with Lr
n orbits.

Let Jr
x γ ∈ Jr Y be any element. If γ is a representative of Jr

x γ , defined on a neigh-
borhood of x , then for any chart (U, ϕ) at x , ζ = γ ◦ ϕ−1 tr−ϕ(x) is an immersion of
a neighborhood of 0 ∈ Rn into Y , and πζ = ϕ−1 tr−ϕ(x) is an immersion of a neigh-
borhood of 0 ∈ Rn into X . Thus, (U, ϕ) defines an element Jr

x ζ ∈ imm π T r
n Y . The

mapping (18) obviously sends Jr
x ζ to Jr

x γ , proving surjectivity. Moreover, for every
Jr

0 α ∈ Lr
n ,

(19)
Jr
π(ζα(0))

(
ζα ◦ (πζα)−1

) = Jr
π(ζ(0))

(
ζα ◦ α−1 ◦ (πζ )−1

)
= Jr

π(ζ(0))

(
ζ ◦ (πζ )−1

)
.

Thus, (18) is constant on Lr
n orbits. If Jr

π(ζ(0))(ζ ◦ (πζ )−1) = Jr
π(χ(0))(χ ◦ (πχ)−1), then

Jr
0 ζ = Jr

0 χ ◦ Jr
0 ((πχ)−1 ◦ πζ) proving that any two elements of a fiber of (18) belong

to the same orbit.

Let Y1 (resp. Y2) be a fibered manifold with base X1 (resp. X2) and projection π1

(resp. π2), and let α : Y1 → Y2 be a morphism of fibered manifolds. Denote by α0 :
X1 → X2 the projection of α. If α0 is a diffeomorphism, then for any section γ of
Y1, αγ α−1

0 is a section of Y2. We define a mapping Jrα : Jr Y1 → Jr Y2 by

(20) Jrα(Jr
x γ ) = Jr

α0(x)αγ α−1
0 .

If α is smooth then Jrα is also smooth. Obviously,

(21) π r,s ◦ Jrα = J sα ◦ π r,s, π r ◦ Jrα = α0 ◦ π r , Jr idY = idJr Y .

for every s, 0 ≤ s < r , and every fibered manifold Y .
Jrα is called the r-jet prolongation, or simply the prolongation, of α.

Lemma 3. If α : Y1 → Y2 and β : Y2 → Y3 are morphisms of fibered manifolds,
whose projections are diffeomorphisms, then

(22) Jr (β ◦ α) = Jrβ ◦ Jrα.

Proof. This is an immediate consequence of definitions.

Remark 1. One can easily determine the chart expression of Jrα. Consider for sim-
plicity the case r = 1. Let (V, ψ), ψ = (xi , yσ ), (resp. (Ṽ , ψ̃), ψ̃ = (x̃ j , ỹ J )) be
a fibered chart on Y1 (resp. Y2), let (U, ϕ), ϕ = (xi ) (resp. (Ũ , ϕ̃), ϕ̃ = (x̃ j )) be the
associated chart on X1 (resp. X2). Assume that α(V ) ⊂ Ṽ . Let us denote

(23) x̃ iα = f i , ỹ J α = F J , xkα−1 = gk .

Then we get

(24)

ỹ J
j ◦ J 1α(Jr

x γ ) = ỹ J
j

(
J 1
α0(x)αγ α−1

0

)
= D j

(
ỹ J αψ−1 ◦ ψγϕ−1 ◦ ϕα−1

0 ϕ̃−1
)(

ϕ̃α0ϕ
−1(ϕ(x))

)
= Dk

(
(̃y)J αψ−1

)(
ψ(γ (x))

)
D j

(
xkα−1

0 ϕ̃−1
)(

ϕ̃(α0(x))
)

+ Dσ

(
ỹ J αψ−1

)(
ψ(γ (x))

)
yσ

k (J 1
x γ )D j

(
xkα−1

0 ϕ̃−1
)(

ϕ̃(α0(x))
)
.
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Thus,

(25) ỹ J
j ◦ Jrα = ∂ F J

∂xk

∂gk

∂ x̃ j + ∂ F J

∂yσ yσ
k

∂gk

∂ x̃ j = dk F J ∂gk

∂ x̃ j ,

where dk stands for the formal derivative operator.

Remark 2. A manifold X can naturally be viewed as a fibered manifold over X ,
with projection idX . If γ : U → X is smooth section of this fibered manifold over an
open set U , then γ (x) = x for every x ∈ U . Thus, γ = idU . In particular, Jr

x γ = Jr
x idU .

The mapping Jr X � Jr
x idU → x ∈ X is a diffeomorphism called the canonical

identification. Using the canonical identification, we always identify Jr X with X . If
α : X1 → X2 is a morphism viewed as fibered manifolds, then α is a diffeomorphism,
and Jrα is canonically identified with α.

Remark 3. A section γ of a fibered manifold Y over X , with projection π , can nat-
urally be viewed as a morphism of fibered manifolds. Indeed, we have the commutative
diagrams

(26)

X
γ−−−→ YidX

π

X
idX−−−→ X

X
Jr γ−−−→ Jr YidX

πr

X
idX−−−→ X.

Remark 4. Note that, with the convention of Remark 2,

(27) Jrα ◦ Jrγ ◦ α−1
0 = Jrαγα−1

0 .

Remark 5. Let (V, ψ) be a fibered chart on a fibered manifold Y with base X , and
let (U, ϕ) be the associated chart on X . Then using the notation of Remark 1, and
applying (22) and (Section 3.2, (10)) to ψ , we get Jrψ(Jr

x γ ) = Jr
ϕ(x)ψγ ϕ−1, i.e.,

(28) ψr = Jrψ.

3.4. Prolongations of fibrations. Let Y be a fibration with base X , projection π ,
and fiber Q, and consider the r -jet prolongation Jr Y .

Lemma 4. Jr Y has the structure of a fibration with base X, projection π r , and fiber
T r

n Q.

Proof. Let (U, ϕ) be a chart on X , and let � : π−1(U ) → U × Q be a trivialization.
Define �̃ by the condition �(y) = (π(y), �̃(y)), and consider the morphism of fibered
manifolds �ϕ : π−1(U ) → ϕ(U )× Q, defined by �ϕ(y) = (ϕ(π(y)), �̃(y)). The r -jet
prolongation Jr�ϕ : (π r )−1(U ) → Jr (ϕ(U ) × Q) of �ϕ is defined by Jr�r

ϕ(Jr
x γ ) =

Jr
ϕ(x)�ϕγ ϕ−1, where Jr

x γ ∈ (π r )−1(U ). But �ϕγϕ−1 is of the form (�ϕγ ϕ−1)(x ′) =
(x ′, �γϕ−1(x ′)), i.e.,

(1) �ϕγϕ−1 = (
idϕ(U ), �̃γ ϕ−1

)
,
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where �̃γ ϕ−1 is a mapping of ϕ(U ) into Q. Thus, identifying Jr
ϕ(x)(�ϕγ ϕ−1) with the

point (ϕ(x), Jr
0 (�̃γ ϕ−1 tr−ϕ(x))) of ϕ(U ) × T r

n Q, and setting

(2) �r
ϕ(Jr

x γ ) = (
x, Jr

0 (�̃γ ϕ−1 ◦ tr−ϕ(x))
)
,

we get the commutative diagram

(3)

(π r )−1(U )
�r

ϕ−−−→ U × T r
n Qπr


U −−−→ U

�r
ϕ is obviously a trivialization.

Note that to define trivializations of Jr Y , we need not only trivializations of Y , but
also charts on the base X of Y . The trivialization �r

ϕ is said to be associated with the
pair (�, ϕ).

Remark 6. Formula (2) can be applied to special cases of prolongations of principal
and associated fiber bundles.

3.5. Prolongations of Lie groups. Let G be a Lie group, and let T r
n G be the manifold

of r -jets with source O ∈ Rn and target in G. Let S, T ∈ T r
n G, S = Jr

0 f , T = Jr
0 g, be

any elements. We define a group operation in T r
n G by

(1) S · T = Jr
0 ( f · g),

where ( f · g)(x) = f (x) · g(x) is defined by the group operation in G. The unity of
T r

n G is the r -jet eT r
n G = Jr

0 eG , where eG denotes the unity of G, and also the constant
mapping of Rn with value eG . The inverse of S = Jr

0 f is the r -jet S−1 = Jr
0 f , where

f −1(x) = ( f (x))−1, and the inversion is taken in the group G.
Denoting for a moment the group operation in G by �, we can write f · g = � ◦

( f × g). Then S · T = Jr
( f (0),g(0))� ◦ Jr

0 ( f × g) which shows that the group operation
(1) is smooth. In particular, T r

n G is a Lie group.
An element A ∈ Lr

n defines a mapping ϕ(A) : T r
n G → T r

n G by the formula

(2) ϕ(A)(S) = S ◦ A−1.

Since for every S, T ∈ T r
n G, A, B ∈ Lr

n, ϕ(A)(S · T ) = (S · T ) ◦ A−1 = (S ◦ A−1) ·
(T ◦ A−1) = ϕ(A)(S) ·ϕ(A)(T ) and ϕ(A · B)(S) = S ◦ (A · B)−1 = (S ◦ B−1) ◦ A−1 =
ϕ(A)(ϕ(B)(S)) = ϕ(A) ◦ ϕ(B)(S), ϕ(A) is an automorphism of the Lie group T r

n G,
and the mapping A → ϕ(A) is a homomorphism of Lr

n into the group aut T r
n G of

automorphisms of T r
n G. The mapping (A, S) → ϕ(A)(S) is obviously smooth. Thus,

(2) defines the exterior semi-direct product

(3) Gr
n = Lr

n ×s T r
n G.

Recall that the group operation in Gr
n is given by

(4) (A, S) · (B, T ) = (
A · B, S · (T ◦ A−1)

)
.
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The Lie group Gr
n is called the (r, n)-prolongation, or simply the prolongation of G.

Note that

(5) eGr
n

= (eLr
n
, eT r

n G), (A, S)−1 = (A−1, S−1 ◦ A).

3.6. Prolongations of Lie group actions. Let G be a Lie group, and let Y be a right
G-manifold. Let p ∈ T r

n Y and (A, S) ∈ Gr
n . If p = Jr

0 τ and A = Jr
0 α, S = Jr

0 σ , then
the representatives of these r -jets define the mapping x → τ(α(x)) · σ(α(x)), whose
r -jet is denoted by (p · S) ◦ A. We define

(1) p · (A, S) = (p · S) ◦ A.

We claim that the mapping T r
n Y × Gr

n � (p, (A, S)) → p · (A, S) ∈ T r
n Y is a right

action of Gr
n on T r

n Y . Indeed, using (1) and Section 3.5, (4), we get

(2)
p · (

(A, S) · (B, T )
) = p · (

A · B, S · (T ◦ A−1)
)

= (
(p · S) ◦ A

) · (B, T ) = (
p · (A, S)

) · (B, T ).

T r
n Y is therefore a right Gr

n-manifold called the r-jet prolongation of the right G-
manifold Y .

Let G be a Lie group, and let Y be a left G-manifold. Writing y · g = g−1 · y we
obtain the corresponding right action of G on Y . Prolonging this right action, using
formula (1), we obtain a right action of Gr

n on T r
n Y . Our aim now will be to determine

the corresponding formula for the associated left action of Gr
n on T r

n Y .
The inverse of an element (A, S) ∈ Gr

n is given by (A, S)−1 = (A−1, S−1 ◦ A)

(Section 3.5, (5)), Thus, (A, S)·p = p·(A, S)−1 = (p·(S−1◦A))◦A−1 = (p◦A−1)·S−1.
Therefore, if A = Jr

0 α, S = Jr
0 σ , and p = Jr

0 τ , then (A, S) · p is the r -jet of the
mapping x → (τ (α−1(x)) · σ(x)−1 = σ(x) · τ(α−1(x)) defined by the left action of G
on Y . Passing to r -jets we get

(3) (A, S) · p = S · (p ◦ A−1).

T r
n Y endowed with this left action of Gr

n is called the r-jet prolongation of the left
G-manifold Y .

3.7. Prolongations of principal bundles. Now we investigate the structure of the
r -jet prolongation Jr Y of a fibration Y , endowed with the structure of a principal G-
bundle. We know that Jr Y is a fibration with base X , and with fiber T r

n G. As usual, we
denote by π r the canonical projection of Jr Y onto X .

Our first aim in this section is to determine trivializations and the corresponding
transition functions of Jr Y (Section 3.4).

Assume that we have two charts on X, (U, ϕ) and (V, ψ), such that U ∩ V �= ∅, and
Y is trivializable over U and V . Let � : π−1(U ) → U × G and � : V → V × G be
G-equivariant trivializations. � and � define smooth mappings �̃ : π−1(U ) → G and
�̃ : π−1(V ) → G by

(1) �(y) = (
π(y), �̃(y)

)
, �(y) = (

π(y), �̃(y)
)
.

The transition function χ : U ∩ V → G is defined by

(2) �̃(y) = χ(x) · �̃(y),
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where x = π(y).
The associated trivializations �r

ϕ : (π r )−1(U ) → U × T r
n G, �r

ψ : (π r )−1(V ) →
V × T r

n G of Jr Y are expressed by

(3) �r
ϕ(Jr

x γ ) = (
x, �̃r

ϕ(Jr
x γ )

)
, �r

ψ(Jr
x γ ) = (

x, �̃r
ψ(Jr

x γ )
)
,

where

(4) �̃r
ϕ(Jr

x γ ) = Jr
0

(
�̃γ ϕ−1 ◦ tr−ϕ(x)

)
, �̃r

ψ(Jr
x γ ) = Jr

0

(
�̃γψ−1 ◦ tr−ψ(x)

)
(see also Section 3.4 (2)). We have the following result.

Lemma 5. The transition function between the trivializations �̃r
ϕ and �̃r

ψ is defined
by

(5) �̃r
ψ(Jr

x γ ) = (A, S) · �̃r
ϕ(Jr

x γ ),

where (A, S) ∈ Gr
n,

(6) A = Jr
0

(
trψ(x) ◦ψϕ−1 ◦ tr−ϕ(x)

)
, S = Jr

0

(
χψ−1 ◦ tr−ψ(x)

)
.

Proof. Writing T = Jr
0 (�̃γ ϕ−1 ◦ tr−ϕ(x)) and U = Jr

0 (�̃γψ−1 ◦ tr−ψ(x)), we have
to show that R = (A, S) · T = S · (T ◦ A−1). But

(7)
T ◦ A−1 = Jr

0

(
�̃γ ϕ−1 ◦ tr−ϕ(x)

) ◦ Jr
0

(
trϕ(x) ◦ϕψ−1 ◦ tr−ψ(x)

)
= Jr

0

(
�̃γψ−1 ◦ tr−ψ(x)

)
,

hence

(8)

S · (T ◦ A−1) = Jr
0

(
χψ−1 ◦ tr−ψ(x)

) · Jr
0

(
�̃γψ−1 ◦ tr−ψ(x)

)
= Jr

0

(
(χψ−1 ◦ tr−ψ(x)) · (�̃γψ−1 ◦ tr−ψ(x))

)
= Jr

0

(
(χ · �̃γ ) ◦ ψ−1 ◦ tr−ψ(x)

) = Jr
0

(
�̃γψ−1 ◦ tr−ψ(x)

) = R

as required.

Remark 7. Formula (5) defines the transition function with values in the group
Gr

n = Lr
n × T r

n G,

(9) χ r : U ∩ V � x → (
Jr

0 (trψ(x) ◦ψϕ−1 ◦ tr−ϕ(x)), Jr
0 (χψ−1 ◦ tr−ψ(x))

) ∈ Gr
n.

The structure of (5) coincides with the prolongation of the left translation on the struc-
ture group G of Y (Section 3.6, (3)).

Consider the bundle of r-frames Fr X , and the fiber product

(10) W r Y = Fr X ⊕ Jr Y.

W r Y is a fibration over X with fiber Gr
n . The transition functions are easily determined

by means of Lemma 5, (5). If (Jr
0 µ, Jr

x γ ) ∈ W r Y , then µ(0) = x , and if (U, ϕ) is a
chart at x such that Y is trivializable over U , then we have a trivialization

(11)
(Jr

0 µ, Jr
x γ ) → (

x, (ϕ̃r (Jr
0 µ), �̃r

ϕ(Jr
x γ ))

)
= (

x, (Jr
0 (trϕ(x) ϕµ), Jr

0 (�̃γ ϕ−1 ◦ tr−ϕ(x)))
)
,
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where the same notation as in (1) is applied to Fr X . (11) is said to be associated with
(�, ϕ). The corresponding transition function is expressed by the equations

(12) ψ̃r (Jr
0 µ) = A · ϕ̃r (Jr

0 µ), �̃r
ϕ(Jr

x γ ) = S · (
�̃r

ϕ(Jr
x γ ) ◦ A−1

)
.

(see (5)). Note that (12) corresponds with the left translation on the group Gr
n (Sec-

tion 3.5, (4)).

Lemma 6. If Y is a right principal G bundle, then there exists a unique structure
of a right principal Gr

n-bundle on W r Y such that all induced trivializations are Gr
n-

equivariant.

Proof. Only existence needs proof. If (p, Z) ∈ W r Y, (A, S) ∈ Gr
n , we define

(13) (p, Z) · (A, S) = (
p · A, Z · (S ◦ p−1)

)
.

It is directly verified that (13) is a right action of Gr
n on W r Y . Indeed, if (B, T ) ∈ Gr

n is
another element, we have, using the group operation in Gr

n (Section 3.5, (4)),

(14)
(p, Z) · (

(A, S) · (B, T )
) = (p, Z) · (

A · B, S · (T ◦ A−1)
)

= (
p · A · B, Z · ((S ◦ p−1) · (T ◦ A−1) ◦ p−1)

)
.

Thus,

(15)

(
(p, Z) · (A, S)

) · (B, T ) = (
p · A, Z · (S ◦ p−1)

) · (B, T )

= (
p · A · B, (Z · (S ◦ p−1)) · T ◦ (p · A)−1

)
= (p, Z) · (

(A, S) · (B, T )
)
.

Let X be the base, and let π be the projection of Y . Assume that we have a chart
(U, ϕ) on X , and a trivialization � : π−1(U ) → U × G, and consider the asso-
ciated trivialization (11) of W r Y . This trivialization sends (p, Z) = (Jr

0 µ, Jr
x γ ) to

(x, (Jr
0 trϕ(x) ϕµ, Jr

0 (�̃γ ϕ−1 ◦ tr−ϕ(x)))), and the element

(16)
(p, Z) · (A, S) = (Jr

0 µ, Jr
x γ ) · (Jr

0 α, Jr
0 σ) = (

p · A, Z · (S ◦ p−1)
)

= (
Jr

0 µα, Jr
x (γ · (σµ−1)

)
is sent to

(17)
(
x, (Jr

0 trϕ(x) ϕµα, Jr
0 (�̃ ◦ (γ · (σµ−1)) ◦ ϕ−1 ◦ tr−ϕ(x)))

)
.

The first component yields

(18) Jr
0 trϕ(x) ϕµα = Jr

0 trϕ(x) ϕµ ◦ Jr
0 α = Jr

0 trϕ(x) ϕµ ◦ A.

Consider the second component. We have at a point t , because �̃ is G-equivariant,

(19)

�̃ ◦ (
γ · (σµ−1)

) ◦ ϕ−1 ◦ tr−ϕ(x)(t)

= �̃
(
(γ ϕ−1 tr−ϕ(x))(t) · (σµ−1ϕ−1 tr−ϕ(x))(t)

)
= �̃

(
γ ϕ−1 tr−ϕ(x)(t)

) · (σµ−1ϕ−1 tr−ϕ(x))(t).



80 D. Krupka and M. Krupka

Consequently,

(20)

Jr
0

(
�̃ ◦ (γ · (σµ−1)) ◦ ϕ−1 ◦ tr−ϕ(x)

)
= Jr

0 �̃((γ ϕ−1 tr−ϕ(x)) · (σµ−1ϕ−1 tr−ϕ(x)))

= Jr
0 �̃γ ϕ−1 tr−ϕ(x) ·(Jr

0 σ ◦ Jr
0 (µ−1ϕ−1 tr−ϕ(x)))

= Jr
0 �̃γ ϕ−1 tr−ϕ(x) ·(S ◦ Jr

0 (µ−1ϕ−1 tr−ϕ(x))).

Altogether, (18) is expressed, with the help of the group operation in Grr
n , by

(21)

(
x, (Jr

0 trϕ(x) ϕµα, Jr
0 (�̃ ◦ (γ · (σµ−1)) ◦ ϕ−1 ◦ tr−ϕ(x)))

)
= (

x, (Jr
0 trϕ(x) ϕµ ◦ A, Jr

0 �̃γ ϕ−1 tr−ϕ(x) ·(S ◦ Jr
0 (µ−1ϕ−1 tr−ϕ(x))))

)
= (

x, (Jr
0 trϕ(x) ϕµ, Jr

0 (�̃γ ϕ−1 tr−ϕ(x))) · (A, S)
)
.

Thus, the associated trivialization is Gr
n-equivariant with respect to the group ac-

tion (13).

W r Y is called the r-th principal prolongation of the principal G-bundle Y .

3.8. Principal prolongations of frame bundles. Consider the bundle of s-frames
Fs X over an n-dimensional manifold X (Section 2.4). The principal prolongation
W r Fs X (10) is a right principal (Ls

n)
r
n-bundle, where (Ls

n)
r
n = Lr

n ×s T r
n Ls

n is the r -
the principal prolongation of Ls

n . We show that W r Fs X = Fs X ⊕ Jr Fs X is reducible
to the bundle of frames Fr+s X .

Let r , and s be positive integers, and consider an (r + s)-jet A ∈ Lr+s
n , A = Jr+s

0 α.
The representative α : U → Rn of A defines the morphism

(1) Ux � t → αx(t) = (
trx ◦α ◦ tr−α−1(x)

)
(t) ∈ Rn,

where Ux is a neighborhood of the origin 0 ∈ Rn . Obviously, αx(0) = 0, which implies
that for every x ∈ U ,

(2) α(s)(x) = J s
0 αx ,

is an element of the differential group Ls
n . Thus, formulas (1) and (2) define a mapping

U � x → α(s)(x) ∈ Ls
n . By the chain rule,

(3)

Dαx(t) = D trx
(
(α ◦ tr−α−1(x))(t)

) ◦ Dα
(
(tr−α−1(x))(t)

) ◦ D trα−1(x)(t)

= (
Dα ◦ tr−α−1(x)

)
(t),

D2αx(t) = D2α
(
(tr−α−1(x)(t)

) ◦ D tr−α−1(x)(t) = (
D2α ◦ tr−α−1(x)

)
(t),

· · ·
Dsαx(t) = D

(
Ds−1α ◦ tr−α−1(x)

)
(t) = Dsα

(
(tr−α−1(x)(t)

) ◦ D tr−α−1(x)(t)

= (
Dsα ◦ tr−α−1(x)

)
(t),

hence

(4)
Dαx(0) = Dα

(
α−1(x)

)
, Dαx(0) = D2α

(
α−1(x)

)
, . . . ,

Dsαx(t) = Dsα
(
α−1(x)

)
.
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Thus, we get a smooth mapping U � x → α(s)(x) ∈ Ls
n , whose coordinate expression

is determined by (4).
Analogously, let p ∈ Fr+s X, Jr+s

0 µ ∈ Fr+s X . The representative µ of p defines the
morphism

(5) Ux � t → µx(t) = (
µ ◦ tr−µ−1(x)

)
(t) = µ

(
t + µ−1(x)

) ∈ Rn,

where Ux is a neighborhood of the origin 0 ∈ Rn . Obviously, µx(0) = x , which implies
that for every x ∈ U ,

(6) µ(s)(x) = J s
0 µx .

is an s-frame at x ∈ X . Thus, (5) and (6) define a mapping U � x → µ(s)(x) ∈ Fs X .

Theorem 4. Let X be an n-dimensional manifold.
(a) The mapping

(7) Lr+s
n � Jr+s

0 α → ν
(
Jr+s

0 α
) = (

Jr
0 α, Jr

0 α(s)
) ∈ (Ls

n)
r
n.

is a morphism of Lie groups, and an injective immersion. The set ν(Lr+s
n ) is closed

in (Ls
n)

r
n.

(b) The mapping

(8) Fr+s X � Jr+s
0 µ → νX

(
Jr+s

0 µ
) = (

Jr
0 µ, Jr

µ(0)µ
(s)

) ∈ W r Fs X

is a ν-morphism of principal bundles, and an injective immersion.

Proof. (a) If Jr+s
0 α, Jr+s

0 β ∈ Lr+s
n , then

(9) ν
(
Jr+s

0 α ◦ Jr+s
0 β

) = ν
(
Jr+s

0 αβ
) = (

Jr
0 αβ, Jr

0 (αβ)(s)
)
.

But

(10)

(αβ)(s)(x) = J s
0 (αβ)x = J s

0

(
trx ◦αβ ◦ tr−(αβ)−1(x)

)
= J s

0

(
(trx ◦α ◦ tr−α−1(x))

) ◦ J s
0

(
trα−1(x) β ◦ tr−β−1(α−1(x))

)
= J s

0 αx ◦ J s
0 βα−1(x) = α(s)(x) ◦ β(s)

(
α−1(x)

)
.

thus

(11) ν
(
Jr+s

0 α ◦ Jr+s
0 β

) = (
Jr

0 αβ, Jr
0 α(s) ◦ Jr

0 (β(s) ◦ α−1)
)
.

On the other hand, setting (A, S) = (Jr
0 α, Jr

0 α(s)), (B, T ) = (Jr
0 β, Jr

0 β(s)), and multi-
plying these elements in (Ls

n)
r
n , we get

(12)
(A, S) · (B, T ) = (

A · B, S · (T ◦ A−1)
)

= (
Jr

0 αβ, Jr
0 α(s) ◦ (Jr

0 β(s) ◦ Jr
0 α−1)

)
.

Since (11) and (12) coincide, we see that ν is a group morphism. Since ν is smooth, it
is a morphism of Lie groups.

We find the chart expression of ν in the canonical coordinates. To this purpose we
use the second canonical coordinates bi

j1 j2··· jk
on Lr+s

n (Section 2.1, Remark 1), and the
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second canonical coordinates bi
j1 j2··· jk ,p1 p2···pl

on (Ls
n)

r
n defined as follows. Recall that if

A ∈ Lr+s
n , A = Jr+s

0 α, we have

(13) bi
j1 j2··· jk (A) = ai

j1 j2··· jk (A−1) = D j1 D j2 · · · D jk (α
−1)i (0),

where ai
j1 j2··· jk

are the first canonical coordinates on Lr+s
n , and in components,

α−1 = ((α−1), (α−1)2, . . . , (α−1)n). If S ∈ (Ls
n)

r
n, S = Jr

n η, we set

(14)
bi

j1 j2··· jk ,p1 p2···pl
(S) = Dp1 Dp2 · · · Dpk

(
bi

j1 j2··· jk ◦ η
)
(0),

1 ≤ k ≤ s, 0 ≤ l ≤ r.

Then by definition, for every A ∈ Lr+s
n , A = Jr+s

0 α

(15)
bi

j1 j2··· jk ,p1 p2···pl

(
ν(A)

) = Dp1 Dp2 · · · Dpk

(
Jr

0 α(s)
)

= Dp1 Dp2 · · · Dpk

(
bi

j1 j2··· jk ◦ α(s)
)
(0),

where

(16) α(s)(x) = J s
0 αx , αx = trx α tr−α−1(x) .

Thus,

(17)
(
bi

j1 j2··· jk ◦ α(s)
)
(x) = bi

j1 j2··· jk

(
J s

0 αx
) = ai

j1 j2··· jk

(
J s

0 α−1
x

)
.

But α−1
x = trα−1(x) α

−1 tr−x , so we have, computing the canonical coordinates ai
j1 j2··· jk

(J s
0 α−1

x ),

(18)

D j1(α
−1
x )i (t)

= Dp(trα−1(x))
i
(
α−1 tr−x(t)

)
Dq(α

−1)p
(

tr−x(t)
)

D j1(tr−x)
q(t)

= δi
p Dq(α

−1)p
(

tr−x(t)
)
δ

q
j1

= (
D j1(α

−1)i ◦ tr−x
)
(t),

D j1 D j2α
−1
x (t) = Dp D j1

(
α−1(tr−x(t)

)
D j2(tr−x)

p(t)

= (
D j1 D j2(α

−1)i ◦ tr−x
)
(t)

· · ·
D j1 D j2 · · · D js α

−1
x (t) = Dp D j1 D j2(α

−1)i
(

tr−x(t)
)
D js (tr−x)

p(t)

= (
D j1 D j2 · · · D js (α

−1)i ◦ tr−x
)
(t).

Setting t = 0, we obtain

(19)

(
bi

j1 j2··· jk ◦ α(s)
)
(x) = (

D j1 D j2 · · · D jk (α
−1)i ◦ tr−x

)
(0)

= D j1 D j2 · · · D jk (α
−1)i (x).

Now we are in a position to determine (15). We have

(20)

(
bi

j1 j2··· jk ,p1 p2···pl
◦ ν

)
(A) = Dp1 Dp2 · · · Dpk

(
bi

j1 j2··· jk ◦ α(s)
)
(0)

= Dp1 Dp2 · · · Dpk D j1 D j2 · · · D jk (α
−1)i (0) = bi

j1 j2··· jk ,p1 p2···pl
(A).

This is the desired chart expression for ν.
Now it is trivial to conclude that ν is an injective immersion, and ν(Lr+s

n ) is a
closed subset of T r

n Ls
n . Replace the canonical coordinates on T r

n Ls
n by new coordinates
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si
j1 j2··· jk ,p1 p2···pl

, t i
j1 j2··· jk ,p1 p2···pl

where si
j1 j2··· jk ,p1 p2···pl

are defined by symmetrization of
bi

j1 j2··· jk ,p1 p2···pl
in the subscripts, and t i

j1 j2··· jk ,p1 p2···pl
are defined by

(21) bi
j1 j2··· jk ,p1 p2···pl

= si
j1 j2··· jk ,p1 p2···pl

+ t i
j1 j2··· jk ,p1 p2···pl

.

Then (20) is equivalent with the equations

(22) si
j1 j2··· jk ,p1 p2···pl

◦ ν = bi
j1 j2··· jk ,p1 p2···pl

, t i
j1 j2··· jk ,p1 p2···pl

◦ ν = 0,

and the set ν(Lr+s
n ) ⊂ T r

n Ls
n is expressed by the equations

(23) t i
j1 j2··· jk ,p1 p2···pl

= 0,

so is obviously closed.
(b) If Jr+s

0 µ ∈ Fr+s
n X , and Jr+s

0 α ∈ Lr+s
n , we have

(24)
νX

(
Jr+s

0 µ · Jr+s
0 α

) = (
Jr

0 (µ ◦ α), Jr
(µ◦α)(0)(µ ◦ α)(s)

)
= (Jr

0 µ ◦ Jr
0 α, Jr

µ(0)(µ ◦ α)(s)).

But by (6) and (5), (µ ◦ α)(s)(x) = J s
0 (µ ◦ α)x and

(25)
(µ ◦ α)x = µ ◦ α ◦ tr−(µ◦α)−1(x)

= µ ◦ tr−µ−1(x) ◦ trµ−1(x) α tr−α−1(µ−1(x)) = µx ◦ αµ−1(x),

so that

(26)
(µ ◦ α)(s)(x) = Jr

0

(
µx ◦ αµ−1(x)

) = Jr
0 µx ◦ Jr

0 αµ−1(x)

= µ(s)(x) · α(s)
(
µ−1(x)

)
,

where the dot is used for the group operation in Ls
n (in fact, this is the composition of

jets). Thus, passing to r -jets, we get

(27)
Jr
µ(0)(µ ◦ α)(s) = Jr

µ(0)

(
µ(s) · (α(s) ◦ µ−1)

)
= Jr

µ(0)µ
(s) · Jr

µ(0)

(
α(s) ◦ µ−1

) = Jr
µ(0)µ

(s) · (
Jr

0 α(s) ◦ Jr
µ(0)µ

−1
)
.

To summarize, denote A = Jr+s
0 α, p = Jr+s

0 µ. Then, ν(A) = (Jr
0 α, Jr

0 α(s)), and,
νX (p) = (Jr

0 µ, Jr
µ(0)µ

(s)). We have

(28) νX (p · A) = (
Jr

0 µ ◦ Jr
0 α, Jr

µ(0)µ
(s) · (Jr

0 α(s) ◦ Jr
µ(0)µ

−1)
)
.

On the other hand,

(29)
νX (p) · ν(A) = (Jr

0 µ, Jr
µ(0)µ

(s)) · (Jr
0 α, Jr

0 α(s))

= (
Jr

0 µ · Jr
0 α, Jr

µ(0)µ
(s) · (Jr

0 α(s) ◦ Jr
µ(0)µ

−1)
) = νX (p · A),

which proves (b).

Corollary 1. Lr+s
n is a Lie subgroup of (Ls

n)
r
n.

3.9. Prolongations of associated bundles. Now we study the structure of r -jet pro-
longations of associated fiber bundles. To this purpose we construct a frame mapping
for the prolonged fiber bundles by means of a frame mapping on the initial fiber bundles.
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Theorem 5. If YQ is a fiber bundle with fiber Q, associated with a principal G-
bundle Y , then the r-prolongation Jr YQ has the structure of a fiber bundle with fiber
T r

n Q, associated to the principal Gr
n-bundle W r Y .

Proof. Assume that we have a frame mapping ρ : Y × Q → YQ . We want to
construct a frame mapping ρr : W r Y × T n

n Q → Jr YQ .
Let X be the base of YG , and let x0 ∈ X be a point. Let (p, Z) ∈ W r Y, p = Jr

0 µ,
Z = Jr

x0
γ and q ∈ T n

n Q, q = Jr
0 ζ . Since W r Y = Fr X ⊕ Jr Y , we have µ(0) =

x0. Let U be a neighborhood of x0. Assume that U is chosen in such a way that the
representatives µ : µ1(U ) → X, γ : U → Y , and ζ : µ−1(U ) → Q are defined. These
representatives define a section δ : U → YQ by

(1) δ = ρ ◦ (γ × ζµ−1).

Then the r -jet Jr
x0

δ depends only on Jr
x0

γ, Jr
x0

µ−1, and Jr
0 ζ , i.e., on Z , p, and q. We

define a mapping ρr : W r Y × T r
n Q → Jr Y by

(2) ρr
(
(p, Z), q

) = Jr
x0

(
ρ ◦ (γ × ζµ−1)

)
.

We claim that ρr is a frame mapping. If (A, S) ∈ Gr
n, A = Jr

0 α, S = Jr
0 σ and

q ∈ T n
n Q, q = Jr

0 ζ , we have, by Section 3.7, (13), (p, Z)·(A, S) = (p·A, Z ·(S◦ p−1)).
By Section 3.5, (5), (A, S)−1 = (A−1, S−1 ◦ A) and by Section 3.6, (3), (A, S) · q =
S · (q ◦ A−1), and (A, S)−1 · q = (A−1, S−1 ◦ A) · q = (S−1 ◦ A) · q ◦ A). Thus,

(3)
ρr

(
(p, Z) · (A, S), (A, S)−1 · q

)
= ρr

(
(p · A, Z · (S ◦ p−1)), (S−1 · q) ◦ A

)
.

But p · A = Jr
0 µα, Z ·(S◦ p−1) = Jr

x0
(γ ·(σµ−1)), and (S−1 ·q)◦ A = Jr

0 ((σ−1 ·ζ )◦α),
so that, using (2),

(4)

ρr
(
(p, Z) · (A, S), (A, S)−1 · q

)
= ρr

(
(p · A, Z · (S ◦ p−1)), (S−1 · q) ◦ A

)
= Jr

x0
(ρ ◦ (γ · (σµ−1)) × (σ−1 · ζ ) ◦ µ−1).

But

(5)

(
ρ ◦ (γ · (σµ−1)) × (σ−1 · ζ ) ◦ µ−1

)
(x)

= ρ
(
γ (x) · σµ−1(x), σ−1µ−1(x) · ζµ−1(x)

)
= ρ

(
(γ (x), ζµ−1(x)

) = ρ ◦ (γ × ζµ−1)(x),

because ρ is the frame mapping for YQ . Therefore, we get finally,

(6)
ρr

(
(p, Z) · (A, S), (A, S)−1 · q

) = Jr
x0

(
ρ ◦ (γ × ζµ−1)

)
= ρr

(
(p, Z), q

)
.

This proves that ρr is a frame mapping.
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